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GROWTH ANALYSIS OF COMPOSITION OF INTEGER
TRANSLATED ENTIRE AND MEROMORPHIC FUNCTIONS

MANAB BISWAS ®* AND DEBASHIS KUMAR MANDAL P

ABSTRACT. In this paper we study the effect of integer translation on Nevanlinna’s
characteristic function of a meromorphic function. Also, we investigate compara-
tive growth of integer translated entire and meromorphic functions under different
conditions.

1. INTRODUCTION AND PRELIMINARY

Let f be a meromorphic function (i.e., regular except for poles) defined on the
complex plane and let a be a complex number finite or infinite. To study how
the values of f are distributed it is essential to explore the distribution of the
solutions of the equation f(z) = a. This includes an estimate of the number of
roots ny (r,a), counted with or without multiplicity in a disc |z| < r for any non-
negative real number 7, estimates on the growth and the asymptotics of the number
of such solutions in terms of r, the comparison of the various estimates when the
constant a varies, etc.

An oldest such result is the Fundamental Theorem of Algebra stating that a
polynomial of degree n has n complex roots (counting with proper multiplicity).

This theorem allows us to write any polynomial f (z) in the form

F(z) =c2P ﬁ (1_;>,

r=p+1

where z, are the zeros of f (z) other than those at the origin. Precisely, when z — oo
the growth of a polynomial f (z) of degree n > 1 is equal to n. Then
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where d is the coefficient of the monomial of highest degree of f. Thus, growth
of the polymonial f can be read on its coefficients. Borel [1] first gave the concept

order of growth for an entire function f by the quantity
pg = {infp :log My (r) =0 (r"),0 < p < oo},

where the maximum modulus My (r) = |m‘ax| f(z)]. With such a definition, the
z|=r

order of a polynomial is zero, the exponential function e has order one and the

function e has infinite order. Later he reformulated the definition as : An entire

function f of order py (0 < py < 00) satisfies

logny (r,a) <

lim sup < py

r—00 logr
for every finite complex value ‘a’, with equality holding except possibly for one value
a. Here, ny (r,a) is the number of roots with multiplicity of the equation f(z2) = a
in the disc |z| < r. Borel’s definition of order was used later by Nevanlinna [9] who
generalized it to the setting of meromorphic functions that are not necessarily entire.

For a € CU {oo} we denote by ns(t,a) (7f(t,a)) the number of a-points
(distinct a-points) of a non-constant meromorphic function f in |z| < ¢, where an

oo-point is a pole of f. We put

t,a) — 0
Nf(r,a):/nf( @) t”f( ’a)dt—i—nf(O,a)logr

and

Ny(rya) = /nf (t,a) ; s (O’G)dt + 75 (0,a)logr.
0

The function N¢(r,a) (Nf(r,a)) are called the counting function for a-points (dis-

tinct a-points) of f . In many occassions N(r,00) and N ¢(r,00) are denoted by

N¢(r) and N ¢(r) respectively . We also put

2w
1 .
my(r) = 27T/logJr ‘f (rew> ’ do,
0
where
logtz = logx ifx>1

=0 ifo<zx<I1.
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For a € C, we denote by m(r, a) the function m_1 ( ) and we mean by m¢(r, 00) the
function my (r) which is called the proximity functlon of f. The function T¢(r) =
myg(r) + Ng(r) is called the Nevanlinna’s Characteristic function of f. If f(z) is
an entire function, then the Nevanlinna’s Characteristic function T () of f(z) is
defined as

Ty (r) =my (r).
Further for the entire f (z) we have

R+r

(1) Ty(r) <log" My(r) < 75— Ts(R) cf. [6],

where 0 < r < R.

We shall assume that the reader is familiar with the basic results and the standard
notations of the Nevanlinna value distribution theory, see [6, 12] for more details.
For all 7 € R, we define exp 7 = ¢ and expl®lr = exp (exp[k_l] r), k € N. We
also define for all r sufficiently large logm r = logr, 10g[k} r = log (log[k_l] T> .k eN.

Moreover, we denote by expl r = r, 10g[O] r=r, log[_” r = exp r and expl™V

r =
logM 7.

Let us recall some well-known definitions.

Definition 1. The Nevanlinna’s deficiency of a finite or infinite complex number
a’ with respect to a meromorphic function g are defined as

N,
dg(a) =1— limsupM = liminfM

r—oo Ty (r) oo Ty (r)

Definition 2. The order p; and lower order A; of a meromorphic function f are
given by

log T log T
pf = limsup 08 2P\ (r) , Ay = liminf el A (r)
r—o00 log r r—00 log r
respectively. Also for an integer [ > 2, the generalised order pgf]

[l

lower order A f

and the generalised

of a meromorphic function are respectively defined by

1 [1—1] T 1 [1-1] T
pgf] = lim sup o8 f (r) , )\Ef] = lim inf - HE A\ f( )

r—o00 10g r 7—00 IOg r

cf. [10].

and if f is entire, then T () can be replaced with log My (r).
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Juneja, Kapoor and Bajpai [7] defined (p, ¢)-order and (p, q)-lower order of an

entire function respecitvely as follows:

logl”! M log® M
pr (p,q) = limsup M and As (p,q) = lim inf u,

where p, ¢ are positive integers with p > ¢q. When f is meromorphic, one can easily

verify that
pf (p,q) = limsup og—f(r) and Ar (p,q) = lim inf og—f(r)
e log!" 7 r—00 logld

where p,q are positive integers with p > ¢. Clearly, pf(2,1) = ,053] = py and

Ar(2,1) = AT =

The translation of a meromorphic function f (z) be denoted by f (z + n), where

Y

n € N. For each n € N, one may obtain a function with some properties. Let us

denote this family by f, (2), i.e.,
fan(z)={f(z+n):neN}.

It is clear that the number of poles of f may be changed in a finite region after

translation but it remains unaltered in the open complex plane C, i.e.,

(2) Nf(z+n) (r) = Ny (r) + en,

where e, is a residue term such that e, — 0 as r — oo. Also,

2
M (1) = 5= [ogt |7 (1 4 n)|do
0

(3) = my(r)+ep,
where €], (may be distinct from e,,) be such that e/, — 0 as r — oo. Therefore, from
(2) and (3) we get
N(agn) (1) + Mp(aqm) (1) = Ny (r) + en +my (1) + €,
Le., Tizany (1) =Tf (1) + €n + €.
Now if n varies, then the Nevanlinna’s Characteristic function for the family f, (z)
is

(4) Ty, (1) =nTy (r) + > (en+e)).
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Again it is obvious that the maximum modulus My (r) of an entire function f (2)
may be changed in a finite region after translation but it remains unaltered in the

open complex plane C, and for the family f, (z) we obtain
My, (r) =nMy(r) + Ze;; ,

where e;; (may be distinct from e, €],) be such that e/,; — 0 as r — oo. This implies,
(5) log My, (r) =log My (r) +O(1).

Now from (4) we obtain

2 (en +ep)

[p—1] — JoolP—1] [p—1] [p—1] n
log Ty, (r) = log n + log T¢ (1) + log 1+ T () ,

where e, — 0, €, — 0 as 7 — oo. Since T (r) is an increasing function of r, therefore
(6) logP= Ty (r) =logP~UTs (1) + O (1).

This implies,
logP~1 1 loglP—1 T
lim sup 08 S\ (r) = lim sup - N A\ (T)
T—00 log[ql r T—00 10g[q] T
or, pr, (p,q) = ps (P, q) -

Similary, it can be proved that

Ao (p@) = Ar (pyq) -

Datta and Tamang [4]; Biswas and Datta [3]; Tamang and Biswas [11] etc. inves-
tigated the changes to Nevanlinna’s Characteristic function of the integer translated
meromorphic functions. They developed a new technique to describe the compara-
tive growth of composition of entire and meromorphic functions. Their work moti-
vated us to study further on this topic. But our investgations focus on finding the
comparative growth related to (p,q)-order. Using (p,q)-order we prove some new

result

2. MAIN RESULTS

In this section, we start with some existing results on comparative growth.

Lemma 1 ([8]). Let g be an entire function with Ay < co and assume that a;(i =

1,2,...n;m < 00) are entire functions satisfying Ty, (r) = o{T, (r)}.
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n
If > 04(a;) =1, then
i=1
T 1
tim ot _ 1
r—oclog My (r) 7
Lemma 1 ([2]). If f be a meromorphic function and g be an entire fucntion, then

for all sufficiently large values of r,

Trog (r) < {1+0(1)} mTf (Mg (1))

Lemma 3 ([7, 5]). Let f be an entire function with non zero finite generalised order
pgf} (non zero finite generalised lower order )\Ei]). If p—q =1-1, then the (p,q)-order
pt(p,q) (lower (p,q)-order A¢(p,q)) of f will be equal to 1. If p—q # 1 — 1, then
pf(p,q) (A\f(p,q) is either zero or infinity).

Now, we will prove the main results of our paper. Their proofs mainly depend

on the results stated above.

Theorem 1. Let f be meromorphic and g be entire such that ps (p,q) and Ay are
both finite, where p,q are any two positive integers with p > q. Also, suppose that
there exist entire functions a; (i = 1,2,...,k; k < 00) satisfying Ta, (1) = o{Ty (1)} as
r — oo and 25 (ai)=1.If fm(z) ={f (z+m) : m €N} and g, (2) = {g (2 +n) :
n € N}, then for any R > 2r

log?" Ty, 0q, (r) _ 3ps (p.0)
1' mOgn < ’ )
W logM, (BR) T w

Proof. Let f,, o g, = hy , where h is a meromorphic function and ¢t € N. So, h; can
be expressed as hy(z) = {h(z+1t):t € N}. Then,

Th, (r) = tT}, (r +Z e+ e,

where e; — 0, €, — 0 as  — oo. That is,
(7) Ty0g, (1) = tTpoq (1) + Z (et + e;) .
t

Now by Lemma 2 and the inequality T} (r) < log™ M, (r), we get from (7) for any

positive € and for all sufficiently large values of r that
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IN

logP~ Ty o4 (1) log?~ 1Ty (M, (7)) + O (1)
orog? Ty o6 (1) < (pp(p.a) + ) log (My (r)) + O (1)
(8) or, 1og? Ty, oq, (r) (py(p,q) + €)log My (r) + O (1).
Since by (1), we have T, (r) < log™ M, (r) < 3T, (2r), then (8) gives
log?= Ty o0 (1) <3 (ps(p,q) +€) Ty (2r).
In view of (5), for any R > 2r the above inequality implies

© log? ! T, cq, (1) _ 3(ps(p,q) +€) T, (2r)
log My, (R)  — logM,(2r)+O(1)

A

IN

Since € > 0 is arbitrary, therfore by Lemma 1 and (9) we obtain

log? Ty 5. (1) _ 3ps(p,q)
1~ mOdgn < ) .
T T logM,, (R) T @

This completes the proof. O

Similarly, the following theorem also can be proved.

Theorem 2. Let f be meromorphic and g be entire such that Ay (p,q) and Ay are
both finite, where p,q are any two positive integers with p > q. Also, suppose that
there exist entz’re functions a; (i = 1,2, ..., k; k < 0o) satisfying Ty, (1) = 0o{Ty (1)} as
r — 0o and 25 (a;))=1.If fm(2) ={f(z+m):meN} and g, (2) ={g(z+n) :
n € N}, then for any R > 2r

r—o0 10 My, (R) - s .

Theorem 3. Let f and g be any two meromorphic functions such that py (p,q) < oo
and Afoq (p,q) = 00, where p,q are positive integers with p > q > 1. If fp, (2) =
{f(z4+m) : m € N} and g, (2) = {g(2+n) : n € N}, then for every positive
number (3,
log[pil} Tfmogn (T)
im
r—00 log[Pfl] Tfm (rﬂ)

Proof. If possible let the value of the limit is not infinite. Then, we can find a

constant o > 0 such that for a sequence of values of r tending to infinity

(10) loglP— ! T¥,.0gn (1) < aloglP—1! Ty, (rﬁ) .
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Again for ¢ > 1, from the definition of py,, (p,q) it follows for any positive € and for

all sufficiently large values of r that

tog" 17y, (+7) < (ps,0 () + €) log ¢

(11) o, log? Ty, (Tﬁ> < (ps (p,q) +)logr + O (1), as py,, = py.

Thus, from (10) and (11) we have for a sequence of values of r tending to infinity
that
log[p_l] Tfmogn (7’)

a(ps (p,q) +¢)loghr + 0 (1)
logl® r '

logl® r

<

This implies on using (7) that

- - o] ;(et—i-efs)
log t+ log Tpog (1) + log 1+ tTpoqg(r)
a(ps(p.q)+€)logllr+0(1)

<
logl r

loglP~U Ty, (1) + O (1)
logl 7

a(py (p,q) +€)loglr + 0 (1)
logl 7

) <
log[p_” Tog (1)

a(ps (p,q) +¢)logr + 0 (1)
logl®) r '

logl®l r

or, <

Since € > 0 is arbitrary, therefore,

log[pfl] Tfog (1)

. <
lim inf gy =01 (p.q) < o0
/i'ey )\fog (p7 Q) < o0,
which is a contradiction. Hence, the theorem. ]

Remark 1. Theorem 3 is also valid with “limit superior” instead of “limit” if
Afog (D, q) = 00 is replaced by prog (p,q) = 0o and the remaining other conditions

are same.

Corollary 1. Under the assumptions of Remark 1

logP~A T |
lim sup o8 5 fmogn (7) =00
r—oo loglP™ }Tfm (rB)
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Proof. From Remark 1, we obtain for all sufficiently large values of r and for K > 1,
loglP—1] Tf,0g, (1) > K loglP~1] Ty, (7‘/8>
K
i.e.,loglP~2 T, 090 (1) > {log[p*Z] Ty, (rﬁ>} ,
from which the Corollary follows. U

Corollary 2. Under the same conditions of Theorem 3 if ¢ = 1,
log[P*H Tfmogn (7’)

im
r=oo loglP~ 1Ty (rf)

Corollary 3. Under the same conditions of Remark 1 if ¢ =1,

loglP~t 1,
lim sup %8 = fmogn (1) =00
PP g Ty, (r9)

Remark 2. The condition A4 (p,1) = 0o in Corollary 2 is necessary as we see in

the following example.

Example 1. Let f = expz, g = z and p = 2, ¢ = 1, § = 1. Then py (p,1) =
Mog (1) = 1. Now, f (2) = exp(s+m), gu(2) = 2 +n and (fuoga) (2) =
fm (gn (2)) = fm(z+n) = exp(z+m+n), where m,n € N. So, Ty, g, (1) =
Hmin 4+ 0(1), Ty, (r) = =2 + O (1). Therefore,

Iog[p_l} Tfmogn (7’) _ . log Tfmogn (7’)

1m
r—00 log[p_l} Tfm (7"6) r—00 log Tfm (T)
A0
= 1 —_—m

= 140,

which is contrary to Corollary 2.

Remark 3. Considering f =expz,g=zand p=2,q =1, =1 one can easily
verify that pro4 (p,1) = oo in Corollary 3 is essential.

Theorem 4. Let f be meromorphic and g be entire such that pgy (s,t) < Ay (p,q) <
pf (p,q) < oo, where p,q,s,t are positive integer with p > q and s > t. If fn, (2) =
{f(z+m):m €N} and g, (2) = {g (2 +n) : n € N}, then for any R > r

2
[p—1] [t—1]
(7) lim sup {10g Lea, (eXp T) }

=0, ifg>s
r—oo  loglP=2 T%,. (exp[q_l] r) logld M, (exp[t_l] R) fa
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and

(73) lim sup logi+*=17% 15,09, (eXP[t_” r) loglP~1! T}, 09 (exp[t—l] r)
T logl" 2Ty, (expla=tlr) logl®! My, (explt—1 R)

=0, ifqg <s.

Proof. From the definition of (p, ¢)-lower order of f,,, we have for any positive € and

for all sufficiently large values of r,

log[pfl} Ty, (exp[q*” 7") > (A, (,q) —¢€) log[q] (exp[q*” 7")

v

(Af (pq) —€)logr

(A (Pa) )

or,log [p=1] Ty, (exp la—1] r)

or,log -2 Ty, (exp [g—1] r)

v

r()‘f(p’qye), as Ay, = Af.

v

(12) or, loglP=2 Ty, (exp[q_l} r)

Again by Lemma 2 and the inequality T, (r) < log™ M, (r), we get from (7) for all

sufficiently large values of r that

log? 1Ty, 00, (r) < logh Ty (M, (r)) + 0 (1)
or, logP~1l T},.09n (exp[t_l] r) < loglr~ 1l Ty (Mg (exp[t_l] 7“)) +0(1)

or, log[p*” Ty,.00n (exp[t*” 7’)
(13) < (pys(p.q) + € logl®l M, (eXp[t‘” r) +0().

This implies on using (5) that for any R > r,

log[pfl] T¥,.09n (exp[t_” r) < (pr (pyq) +€) log[‘ﬂ M, (exp[t Uy + o1
logldl M, (explt=1 R) B logldl M, (explt=U R) + O (1)

log[p_l] T¥,.0n (exp[t_” r) < (pr (pyq) +€) log[‘ﬂ M, (exp[t 1] ) +0(1
" logld M,, (explt-1R) N logl M. My (explt=17r) + O (1)

log? 1 T}, og, (expl~17)
logld M, (expl=1 R)

0(1)

or, :
logldl M, (expl=lr) +0(1)

< (pr(psq)+e€) +

Since € (> 0) is arbitrary, therefore,

1 _
(14) lim sup log? ! Ty, og, (expl~!I7)

< .
r—oo  logld M, (explt-UR) Pt (P-q)

We may consider the following two cases:
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CASE-I: Let ¢ > s. Then from (13),
loglP~1 Tt,.09n (exp[t_l} r)

(15) < (pr ra) + )log" "y (expl ™) 40 (1),

Now for all sufficiently large values of ,

log[s] M, (exp[t_l} r) < (pg(s,t)+e) log[t] (exp[t_” r)
or, logl*l M, (exp[tfl} r) < (pg(s,t) +e€)logr
(16) or, logl*~1l M, <exp[t_1] 7“) < plpa(st)te)
Therefore, from (15) and (16) we obtain
(17) logP= 1Ty o0 (exp[H] r) < (ps (p,q) + &) rPa&DTI L O (1).

Again by (12) and (17),

log? ™ Ty g, (expl=Ur)  (ps (p,q) + ) rPs(sD+9) £ O (1)

<

loglP—2 Ty,, (expla—17) A (pa)—e
1 0O (1)
(18) <(pr(p,q) +€). 2<Af<m> o ) oD
2
-

Since py (s,t) < Af (p,q), we can choose € (> 0) in such a way that

Af (P,q) — pg (5,1)
2
(19) i.e,0 < pg(s,t)+e<Ar(p,q)—e

0 < €<

Applying (19) we get from (18) that
—1 _
(20) i sup 1287 Lmogn (@p!1r)
r—oo  logP~ AT, (expla=1r7)

Finally, from (14) and (20) we have
2
{10g[p71] Tfmogn (exp[t_l} ’I")}
lim sup 5
r—00 log[p_ }Tfm (exp[‘l—l} ’I“) log[‘ﬂ M,, (exp[t—l} R)
< limsup loglP—1 T}, 00, (expl=tr) loglP—1] T}, 00, (explt=27)

r—00 IOg[p_Q} Tfm (eXp[q—ﬂ 7o) : r—00 IOg[‘I] Mgn (exp[t—l] R)
1Og[p—1} Ty, 00n (exp[t*” r) log[p—l} T}, 00, (eXp[tfl] r)

= limsup .lim sup
r—00 log[piﬂ Tfm (exp[‘l—l} 7") r—00 ]Og[(I] Mgn (exp[t—l] R)

< 0.p5(p,q) =0.

279
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This proves the first part.

CASE-II: Let ¢ < s. Then from (13) we have for all sufficiently large values of r
that

log[p_l} Tfmogn (exp[t_l] 'I")
(21) < (pr (p,q) + ) expl* loghl M, (exp[t_” 7‘) +0(1).
Now for all sufficiently large values of r

logl! M, (exp[tfl} 7”) < (pg (5,t) + €) logl explt=1
or,logl’! M, (exp[t_l] 7‘) < (pg (s,t) +¢€)logr

or, exp[S—q] log[s] M, (exp[t—l} r) < eXp[s—q} log (g (5:6)+¢)

(22) or, expl*~4 logl*! M, (exp[t*” T) < explsma7 1 ppa(sit)te)
Therefore from (21) and (22),

loglP—1! T¥,.00n (exp[t_l] r) < (pf(p,q) +e) expl 0 plea(s:+9) 4 0 (1)
or, 107 T, oy, (expl ™17 ) < expl=0=2 (=059 4 O (1)

(23) or, loglP+s—1=2 T,.09n (exp[t_l] 7“) < plralst+e) L 0 (1),
Again, combining (12) and (23) we obtain
log[p+57q72} Tfmogn (exp[tfl] ’,”) < ',"(pg (Svt)+€) —|— O (1)
logP~A Ty (expla—1l7) - rAr(pa)—e

1 0 (1)
2<>‘f<qu> — pglsit) 6) rAf(0a)—¢’
r

2

which further implies on using (19) that

loglPts—a=2p, [t—1]
(24) lim sup o8 5 Fmogn (exp T) =0
r—00 log[p_ ]Tfm (exp[q—l] r)
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Finally, from (14) and (24) we get
log”t >~ 1A Ty, o, (expl 1) logl" ! Ty, o, (expl~r)

lim sup

r—o00 log[pf2] Ty, (eXp[q—l] r) log[‘I] M, (eXp[t—l] R)
loglPts—a=2lp, [t—1] loglP~t T, (t—1]
S hm Sup Og f'm gn (eXp 74) . hm Sup Og fm dn (eXp T)
r—00 10g[p*2} Tfm (exp[fI*l} T) r—00 log[q] Mgn (exp[tfl] R)
loglPts—a=2lp, [t—1] loglP~t T, (t—1]
= limsup 8 5 fmogn (exp T) limsup 0g fmogn (exp 7“)
r—00 log[p_ ] Tfm (exp[fI*l} 'r) r—00 ]Og[‘ﬂ Mgn (exp[tfl] R)
< 0.pf(p,q) =
This completes the proof. ]

Remark 4. The condition pg (s,t) < Af(p,q) in Theorem 4 is necessary which is

evident from the following example.

Example 2. Let f =g=expzandp=s=2,¢g=1t=1, R=2r. Then, py(s,t) =

Ar(p.a) = pr(p,q) = 1. Now fp(2) = exp(z+m), gn(2) = exp(z+n) and
r+n

(fin0gn) (2) = oxp (exp (= + 1) +m). Then, Ty, vop, (1) 2 Thyreg, (5) ~ —22)

(2m3152)

|

O (1) (r — o0), T}, (r) <log My, (r) =r + m. Therefore,
lim sup log[p+sq[2]2]Tfmogn (exp[tll} ?”) lo[g][pl] 1,09, (pr[tl] 7")
r—00 log?= 2 Ty, (expla=tr) log!¥ My, (explt—1R)

— 1imsup {]'OgT(T7 fm Ogn)}2
r—00 T(T, fm) lOg Mgn (27”)

r+n 2
> limsup { '5 —%log(r—kn)—l—O(l)}
T s (r+m)(2r +n)

1
= —#0
g7 0

which is contrary to Theorem 4.

Theorem 5. Let f be meromorphic and g be entire such that ps (p,q) < oo and
Pfog (8,1) < 00, where p,q,s,t are all positive integers with p > q and s > t. Also,
let 0 <Ay <oo. If fn(2) ={f(z+m):meN} and g, (2) ={g(2+n) : n € N},
then for any two positive integers a,b with a —b=1,a > 2 and any R > r,

log[p_l] T¥,.09n (exp[b*” r) log[s_l] Ty, 09n (eXp[t*H r)

lim su
i logl?) My, (explb~1 R) loglt=1 T, (explb—1l7)

< pr(p,q)-prog (s:t).
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Proof. From (7) for any positive € and for all sufficiently large values of r, we have

log[s_l] T%,.09m (exp[t_l] T>

or, loght Ty o (exp[t_” r) < (pfog (5,1) + ) logf expl™r + O (1)

IN

logl*~ 1! Tfog (exp[t_l} 7“) +0(1)

(25)  or, log® Ty, (exp! 7)< (ppeg (5.1) + ) logr +O (1)
Again for all sufficiently large values of r,
logle—1] Ty, (exp[b*” r) > (Ag, (a,b) —€) log!” explt=1 ¢

or, logle—1 Ty, (exp[b_l] r) > (Ag(a,b) —¢€) log” exp®~17 | as Agn = Ag

(26) or, logle=1 Ty, (exp[b_” 1") > (A (a,b) —€)logr.

Combining (25) and (26),

log* U T}, o, (explt=117) < (prog (5,1) + €)logr + O (1)
logle—1] Ty, (explt-tr) (Ag (a,b) —€)logr

Since € (> 0) is arbitrary, therefore,

1 [871} T R [tfl] R t
(27) hm sup og fmogn (exp T) S pf g (87 )
r—00 log[‘“” Ty, (exp[b_l] r) Ag (a,b)

Again by Lemma 2 and the inequality Ty (r) < log™ M, (r), we get from (7) for

all sufficiently large values of r that
log? ! Ty, oq, (r) log?~ Ty (Mg (r)) + O (1)
or, loglP~1l T},.00n (exp[b_” r) < loglr~ 1l Ty (Mg (exp[b_l] r)) +0(1)

IN

or, loglP~1l TY,.00n (exp[b_l] r) < (pf(p,q) +e) logld! M, <exp[b_1] r) +0(1).

In view of (5), for any R > r the above inequality implies that

log[pfu T}, .09m (exp[b_l] r) - (pr (pyq) +€) log[ al M, (exp[b_” r)+0O(1
logld! My, (expl~1 R) N logld! My (expl=1 R) + O (1)
. log? Ty, og, (exp 1) (ps (p,) + €)log¥ My (expP~ ) + O (1
" logld My, (expl~1 R) N logldl M, (explt=1r) + 0O (1)
log[p_l]’l’mO . exp[b_”r O (1
or, S ) < (pr(pa)+e)+ 2

logl) My, (expl-1 R) logl) M, (explb=17) + O (1)
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Since € (> 0) is arbitrary, therefore,
loglP~tT, [b—1]
(28) lim sup o8 fmogn (X 7)
r—oo  logll My, (expl—1l R)
Then, from (27) and (28) we obtian
lim sup loglP— ! T}, 00m (exp“"” r) Jlogls—1 T},09n (exp[t_” r)

o0 logl! M, (expl=1 R) .logl* 1T, (expl-117)

<pr(paq)-

li logl ™! Ty, g, (expl—'r) logP 1 Ty o, (explt=tr)
1m su .
r—>oop log[a—l] Tgn (exp[b—l] 'r‘) r—00 log[Q] Mgn (exp[b—l] R)

(20) < Wpf (.9).

IN

Since )\[92] = )y is non-zero finite and a — b = 1, therefore by Lemma 3 we get
Ag (a,b) = 1. Hence, the proof. O

Corollary 4. Under the same conditions of Theorem 5 when a = 2,

; log?" ! Ty, 09, (1) 108" U Ty, 0q, (expl™ 1) _ pyog (5,8) o1 (p,a)
im sup < )
r—o0 log[‘;d My, (R).logT,, (r) Ag

Remark 5. The condition A\; > 0 in Corollary 4 is essential as we see in the

following example:

Example 3. Let f =expzand g = z. Also,leta=2andp=qgq=s=t=1,R = 2r.
Then, Ay = 0 and pf = prog = 1. Now fp, (2) = exp (2 +m), gn (2) = z + n and
(fmogn) (2) = exp (z + n+m) .So, T}, .o, (1) = =2+ O (1), My, (r) ~ r+n and
Ty, (1) =log (r +n)+ O (1). Hence,
limn sup loglP~1! T¥,.0gn (T) logls—l T¥,.0n (exp[t_” r)
00 logdl My, (R).logT,, (r)

. (Tf og (7") )2
— 1 m n
P log My, (2r) 1og Ty, (1)

= limsu (% +0 (1))
- N Plog(2r +n) (log(r+n)+0(1)
= OO,

2

which is contrary to Corollary 4.

Theorem 6. Let [ be meromorphic and g be entire such that ps (p,q) < oo, where
p,q are any two positive integers with p > q. If fm (z) = {f(z+m) : m € N} and
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gn (2) ={g9(2+n) : n € N}, then for any R > r,

log”! T, .
(i) limsup 08" Tpogn (7)

<1
r—00 log[qu” Mg" (R)

and

log~ 11, |
(7) limsup o8 fmogn (T)

< ,q) -
r—00 log[ql Mgn (R) o pf (p q>

Proof. Using Lemma 2 and the inequality Ty (r) < log® M, (1), we get from (7) for

any positive € and for all sufficiently large values of r that

loglP1 T}, g, (1) < loglP~1] Ty (Mg (r))+O(1)

(30) or, oy o0 (1) < (py (p,q) + €)1ogl! M, (r) + O (1)
or, log[p] T¥,,0g, (1) < log[qH] My (r)+0(1).
In view of (5), this implies that

10g[p] Tfmogn (7‘)
log[Q+1] Mgn (R)

logltt U M, () + O (1)
loglttt M, (R) + 0 (1

<

~—

and for any R > r,

r—00 log[q+1] Mgn (R)

Again, from (5) and (30) for any R > r we obtain

log? ! Ty,.04, (r) _ (py (p,@) +€)log” M, (r) + O (1)
logl® M,, (R) logld My (r)+ 0O (1)

<1

Since € (> 0) is arbitrary, therefore,

loglP~HT,
hm sup 0g [ ] fm gn (T)
r—00 log q Mgn (R)

<py(p:q)-
Hence, the results. O

Remark 6. The condition py(p, q) < oo in Theorem 6 is necessary which is evident

from the following example:

Example 4. Let f = exp? z, g = expz and p = 2, ¢ = 1,R = 2r. Then

pf(p,q) = 0o. Now fi, (
exp (exp (z +n) +m)

z) = exp[Q] (z+m), gn(z) =exp(z+n)and (fr,ogn) (2) =
.Therefore,
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10g T, 09, (1) > 108 My, cq,(5) + O(1)
or, logTy, og,(r) > logl?! (expm (exp (g + n) + m)) +0(1)
or, logT¥, 0g,(r) > exp (g + n) +0(1)

or, 10g Ty,.00,(r) = (5 +n) +0(1)

and
logM, (R) = logM, (2r+mn)=(2r+n)+0(1)
or,Jog® M, (R) = log¥ M, (2r) =log(2r +n)+ 0 (1).
So,
. log[p} Tfmogn (T) . log[z} Tfmogn (T)
lim sup1 T (B = limsup 0@ 1 (R
r—00 Og an ( ) r—00 Og gn( )
(5+n)+0(1)
> i 2
= T Plog(2r +n) + 0 (1)
= 00
log” T
= limsup 08" Tpnogn (1) = 00
r—00 log[‘Hl] Mgn (R)
and
loglP=1T, log T}, o
lim sup o8 o fmogn () = limsup—g fmogn (7)
r—oc logld M,, (R) r—oo  log Mg, (R)
> limsu &P (% - n) +00)
= TP T2 )+ 0(1)
= o0
logP~H T,
= llm sup Og f7n In (T) = 00,

r—oc  loglt M, (R)
are contrary to Theorem 6.

In the line of Theorem 6 the following theorem can be deduced.
Theorem 7. Let f be meromorphic and g be entire such that Ay (p,q) < oo, where

p,q are any two positive integers with p > q. If fm (2) = {f (2 +m) : m € N} and
gn (2) ={g9(2+n) : n € N}, then for any R > r,

el
(1) liminf log ” T, 09, (1)

<1
P00 log[q“] M,, (R)
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and )
loglP=HT,
(74) liminf 8 7 fmogn (1)
r—00 logq Mgn (R)

< As(paq)-

Remark 7. The condition ¢ (p, ¢) < 0o in Theorem 7 is necessary which is evident

from the following example:

Example 5. Let f = exp@z, g = expz and p = 2, ¢ = 1,R = 2r. Then
As (P, q) = o0o. Now fiy, (2 ) = expl®l (z +m) , g (2) = exp (z +n) and (fm 0 gn) (2) =
expl? (exp (z 4+ n) +m) . Therefore,

or, log T}, 09, (1) > log!?! (expm (exp (g + n) + m)) +0(1)
or, log T}, 09, (1) > exp (g + n) +0(1)

or, 1og? Ty oy (1) > (g + n) + O(1)

and
log My, (R) = logM,y, (2r+n)=(2r+n)+0(1)
or,log? M, (R) = logl?! M, (2r +n) =log(2r +n)+ O (1).
So,
[p] [
lim inf 108 T,109, (r) = liminf &~ 1 fmogn (r)
r—co Joglitll M. (R) r—oo gl M,, (R)
5 O(1
> liminf (2+n)+ (1)
r—oo log(2r +mn) + O(1)
(]
= 00 = liminf 1o ™ Tf,,0, (1) =0
r—oo Joglit] M,, (R)
and

7—00 log[‘ﬂ Mgn (R) r—00 lOgM (R)
(5 +n)+0(1)
r—oo (2r+mn)+0(1)
loglP~tT,
= 00 = liminf °8 fmogn (7) = oo,

ree log[q} Mgn (R)

are contrary to Theorem 7.
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3. CONCLUDING REMARKS

We have used here a different approach to measure the comparative growth of
composite entire and meromorphic functions. The same technique may be applied to
investigate by using the notion of different extended and modified growth indicators.

Very few research has been done in this topic. The topic deserves further study.
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