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APPLICATION OF CONTRACTION MAPPING PRINCIPLE
IN PERIODIC BOUNDARY VALUE PROBLEMS

AMRISH HANDA

ABSTRACT. We prove some common fixed point theorems for 3-non-decreasing map-
pings under contraction mapping principle on partially ordered metric spaces. We
study the existence of solution for periodic boundary value problems and also give
an example to show the degree of validity of our hypothesis. Our results improve
and generalize various known results.

1. INTRODUCTION

Fixed point theorems in metric spaces play a major role for solving problems
in applied mathematics and science. The Banach contraction mapping principle is
a classical and powerful tool in nonlinear analysis, it guarantees the existence and
uniqueness of fixed points of certain self maps of metric spaces.

Ran and Reurings [24] extended the Banach contraction principle in partially
ordered sets with applications, while Nieto and Lépez [23] extended the results of
Ran and Reurings [24] and applied it in periodic boundary value problems. Some of
our basic references are [1, 7 — 11, 13 — 16, 26 — 28].

In this paper, we establish a unique common fixed point theorem for (3-non-
decreasing mappings under contraction mapping principle on partially ordered met-
ric spaces. With the help of the obtain results, we indicate the formation of coupled
fixed point results. We apply our result to obtain the solution for periodic boundary
value problems and also give an example to show the degree of validity of our hy-
pothesis. We modify, improve, sharpen, enrich and generalize the results of Alotaibi
and Alsulami [2], Alsulami [3], Gnana-Bhaskar and Lakshmikantham [4], Harjani et
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al. [17], Harjani and Sadarangani [18], Lakshmikantham and Ciric [21], Luong and
Thuan [22], Nieto and Rodriguez-Lopez [23], Ran and Reurings [24], Razani and

Parvaneh [25], Su [28] and many other famous results in the existing literature.

2. Fixep PoINT RESULTS

Throughout the paper, we denote by X a non-empty set and = will represent a
partial order on X. Given n € N with n > 2, let X" be the nth Cartesian product
X x X X ... x X (n times). For simplicity, if x € X, we denote 3(z) by fz.

Definition 2.1 ([4, 11]). A partially ordered metric space (X, d, <) is a metric space
(X, d) provided with a partial order < . A partially ordered metric space (X, d, <)
is said to be non-decreasing-regular (respectively, non-increasing-regular) if for every
sequence {x,} C X such that {z,} — x and x,, < z,41 (respectively, z, = x,11)
for all n > 0, we have that z,, < = (respectively, =, = z) for all n > 0. (X, d, <) is
said to be regqular if it is both non-decreasing-regular and non-increasing-regular.
We say that « is (8, <X)-non-decreasing if ax < ay for all z, y € X such that

Bx < By. If B is the identity mapping on X, we say that « is <-non-decreasing.

Definition 2.2 ([6]). Two self-mappings « and [ of a non-empty set X are said to

be commutative if afr = Bax for all z € X.

Definition 2.3 ([19]). Let (X, d, <) be a partially ordered metric space. Two
mappings «, : X — X are said to be compatible if

lim d(afz,, Bax,) =0,
n—oo
provided that {z,} is a sequence in X such that

lim az, = lim Gz, € X.
n—oo n—oo

Definition 2.4 ([20]). Two self-mappings « and (3 of a non-empty set X are said to

be weakly compatible if they commute at their coincidence points, that is, if az = Sz

for some x € X, then afz = fax.

Definition 2.5 ([28]). An altering distance function is a function ¥ : [0, +00) — [0,
+00) which satisfied the following conditions:

(iy) 1 is continuous and non-decreasing,
(iiy) (t) = 0 if and only if t = 0.
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Theorem 2.1. Let (X, d, <) be a partially ordered metric space and o, f: X — X
be two mappings satisfying

(1) a is (B, X)—non-decreasing and a(X) C B(X),

(13) there exists xog € X such that fzy =< ax,

(7i1) there exist an altering distance function v and a right upper semi-continuous

function ¢ : [0, +00) — [0, +00) such that

Y(d(az, ay)) < p(d(Bz, By)),
for all x, y € X with fx < By, where (t) > (t) for all t > 0 and p(0) = 0. Also

assume that one of the following conditions holds.

(a) (X, d) is complete, a and [ are continuous and the pair («, () is compatible,

(b) (B(X), d) is complete and (X, d, =) is non-decreasing-regular,

(¢) (X, d) is complete, (B is continuous and monotone non-decreasing, the pair
(a, B) is compatible and (X, d, <) is non-decreasing-regular.

Then o and B have a coincidence point. Furthermore,

(tv) for each x, y € X there exists u € X such that au is comparable to ax and
ay and also the pair (o, ) is weakly compatible.

Then o and B have a unique common fixed point.

Proof. Since z¢p € X and by (i), we have axg € a(X) C B(X), there exists 1 € X
such that axg = Bx1. Then, by (ii), we have Szg < azrg = [x;1. Since « is ([, <X)-
non-decreasing, axg = ar;. Now azr; € a(X) C f(X), so there exists x2 € X such
that ax; = fxy. Then Bz = axg =< axr; = fre. Since « is ([, =)—non-decreasing,
ar; < axg. Repeating this argument, we get a sequence {zy, },>0 such that {fz,}

is =-non-decreasing, fx,4+1 = ax, = @Tpt1 = Brpt2 and
(2.1) Bxni1 = axy, for all n > 0.

Let ¢, = d(Bzp, Brny1) for all n > 0. Now, by using contractive condition (i),

we have

(22)  P(d(Brnir, Brnta)) = Y(d(awn, arni1)) < e(d(B2n, Brni1)),
which, by the fact () > ¢(¢) for all ¢ > 0, implies that

¢(d(ﬁ$n+1, ﬁxn+2)) < ¢(d(ﬁl‘n, /6$H+1))‘

It follows, from the monotonicity of v, that

d(ﬁ$n+1, /an+2) < d(ﬁxm ﬁanrl)v that is, CnJrl < (n-
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This shows that the sequence {(, }rn>0 is a decreasing sequence of positive numbers.
Then there exists ¢ > 0 such that

We claim that ¢ = 0. If possible, suppose ¢ > 0. Taking n — oo in (2.2), by using
the property of ¥, ¢ and (2.3), we obtain

P(¢) = nlggo P(d(BTnt1, Brpte)) < nhjgo e(d(Brn, Brni1)) < @(C),
which contradicts the fact that 1 (t) > ¢(t) for all ¢ > 0. Hence, by (2.3), we get
(2.4) lim ¢, = lim d(fzn, Brp+1) =0.

Now we shall show that {fzy,}n>0 is a Cauchy sequence in X. If possible, suppose
that {f8x,} is not a Cauchy sequence. Then there exists an ¢ > 0 for which two
sequences of positive integers {m(k)} and {n(k)} exist such that for all positive

integers k, and
d(BTp k), BTmky) = €, for n(k) > m(k) > k.
Suppose n(k) is the smallest such positive integer, then
d(BTn(k)-15 BTmk)) < €
By using triangle inequality, we have
e < d(Brpm), Brmm))

d(BTnys BTnky—1) + A(BTr)—15 BTm(k))
d(BLpky, BTn)—1) + €.

IN

IN

Letting k — oo in the above inequality, by using (2.4), we have
(2.5) dm d(Ban gy, Brmw) = e
Again, by using triangle inequality, we have

d(BTpk)+1, BTm(k)+1)
< d(BTnky+1, BTnk)) T ABTnmys BTmm)) + d(BTmky, BTmk)+1)-

Letting £ — oo in the above inequality, using (2.4) and (2.5), we have

(2.6) klgglo d(Brnyr1, BTmyr1) =€
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As n(k) > m(k), so Brpm) = Brpmr, and hence by using contractive condition (iii),

we have

V(A(BTpy+1, BTmiy+1)) = V(d(Qnmy, aTpi))) < ©(d(BTnky, BTmk)))-

Letting £ — oo in the above inequality, by using the property of 1, ¢ and (2.5),
(2.6), we have

¥(e) < ¢(e),
which contradicts the fact that ¢ > 0. Consequently {5z, }n>0 is a Cauchy sequence
in X.

Suppose now that (a) holds, that is, (X, d) is complete, « and [ are continuous
and the pair («, () is compatible. Since (X, d) is complete, therefore there exists
z € X such that {fz,} — 2. It follows, from (2.1), that {az,} — 2. As o and
B are continuous, then {afz,} — az and {B0z,} — [z. Since the pair (a, () is

compatible, we conclude that

d(Bz, az) = lim d(Bfxnt1, afzy,) = lim d(fax,, afz,) =0,

that is, z is a coincidence point of « and (.

Suppose now that (b) holds, that is, (6(X), d) is complete and (X, d, <) is
non-decreasing-regular. Since {f8z,} is a Cauchy sequence in the complete space
(B(X), d), therefore there exist y € S(X) such that {fx,} — y. Let z € X be
any point such that y = fz, then in such case {fz,} — (z. Also, as (X, d, X) is
non-decreasing-regular, {x,} is <-non-decreasing and converging to 8z, so we get

Bxy = Bz for all n > 0. Applying the contractive condition (ii7), we have

P(d(Brnt1, az)) = Ppd(awn, az)) < (d(Brn, B2)).

Taking n — oo in the above inequality, by using (ii,) and the fact that {Sz,} — 0z,
we get d(fBz, az) = 0, that is, z is a coincidence point of o and S.

Suppose now that (¢) holds, that is, (X, d) is complete, [ is continuous and mono-
tone non-decreasing, the pair (a, ) is compatible and (X, d, <) is non-decreasing-
regular. As (X, d) is complete, so there exists z € X such that {fz,} — z. It
follows, from (2.1), that {ax,} — z. Since (3 is continuous, therefore {86z, } — Bz.

Furthermore, as the pair (a, ) is compatible, so we have
lim d(80zp+1, afx,) = lim d(Baz,, afz,) =0
n—oo n—oo

and {8Bx,} — [Bz. These facts together imply that {afz,} — Bz.
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Since (X, d, <) is non-decreasing-regular and {fz,} is <-non-decreasing and
converging to z, we obtain Bz, < z for all n > 0, which, by the monotonicity of 3,

implies 30z, < [Bz. Applying the contractive condition (iii), we get
Y(d(afzn, az)) < @(d(BBry, Bz)).

Taking n — oo in the above inequality, by using (iiy), the fact that {afz,} — Bz
and {f0z,} — Bz, we get d(fz, az) = 0, that is, z is a coincidence point of o and
0.

Since the set of coincidence points of o and 3 is non-empty, suppose x and y are
coincidence points of a and (3, that is, ax = Sz and ay = By. Now, we shall show
that Sz = By. By the assumption, there exists u € X such that au is comparable
with ax and ay. Put up = v and choose u; € X so that Sup = aui. Then, we
can inductively define sequences {fuy,} where fu,+1 = au, for all n > 0. Hence
ar = Br and au = aug = Puq are comparable. Suppose that fu; < Bx. We claim
that fu, =< Gz for each n € N. For this, we shall use mathematical induction. As
Buq = Bx and so our claim is true for n = 1.

Now, suppose that Gu, = Sz holds for some n > 1. Since « is #-nondecreasing
with respect to <, we get Supt1 = auy, X ax = Bz. Thus our claim is proved.

Let &, = d(Buy, Bz) for all n > 0. Since fu,, < Bz, by using the contractive

condition (#i7), we have
(2.7) P(d(Bunt1, fr)) = Y(d(aun, ax)) < @(d(Bun, Br)),
which, by the fact that ¢ (t) > o(t) for all ¢ > 0, implies
P(d(Bunt1, Br)) < P(d(Bun, ).
It follows, from the monotonicity of v, that
d(Bupy1, Bz) < d(Bun, Bz), that is, 41 < &p.

This shows that the sequence {, },>0 is a decreasing sequence of positive numbers.
Then there exists £ > 0 such that

(2.8) &n = nh—>120 d(Buy, Px)=E¢.

We claim that £ = 0. If possible, suppose £ > 0. Taking n — oo in (2.7), by using
the property of 1, ¢ and (2.8), we obtain

$(€) = lim (d(Bun i1, Br)) < lim p(d(Bun, Br)) < p(6),



APPLICATION OF CONTRACTION MAPPING PRINCIPLE 295

which contradicts the fact that & > 0. Thus, by (2.8), we get

(2.9) nh—>120 d(Buy, Bz) =0.
Similarly, one can prove that

(2.10) Jim d(Bun, By) = 0.
Hence, by (2.9) and (2.10), we get

(2.11) Bz = By.

Since ax = Bz, by weak compatibility of o and (3, we have a8z = faxr = §0x. Let
z = [z, then az = [z, that is, z is a coincidence point of o and (3. Then from (2.11)
with y = z, it follows that Gx = [z, that is, z = 8z = az. Hence z is a common fixed
point of & and (. To prove the uniqueness, assume that w is another common fixed
point of @ and . Then by (2.11) we have w = fw = [z = z. Hence the common

fixed point of o and [ is unique. O

If we take 8 = I (the identity mapping) in Theorem 2.1, we get the following

result:

Corollary 2.2. Let (X, d, =) be a partially ordered complete metric space and
a: X — X be a mapping satisfying

(1) «a is < —non-decreasing,

(1) there exists xg € X such that o = axp,

(7i1) there exist an altering distance function v and a right upper semi-continuous
function ¢ : [0, +00) — [0, +00) such that

Yld(ax, ay)) < e(d(z, y)),

for all x, y € X with x =<y, where (t) > @(t) for allt > 0 and ¢(0) = 0. Then

« has a fized point.

If we take ¢(t) =t and ¢(t) = kt with £ < 1 for all £ > 0 in Theorem 2.1, we get

the following result:

Corollary 2.3. Let (X, d, X) be a partially ordered metric space and let o, f: X —
X be two mappings satisfying (i) and (ii) of Theorem 2.1 and
(731) there exists k < 1 such that

d(az, ay) < kd(Bz, By),
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for all z, y € X with Sz =< By. Also assume that one of the conditions (a) — (c)
of Theorem 2.1 holds. Then « and B have a coincidence point. Furthermore, if
condition (iv) of Theorem 2.1 holds. Then « and ( have a unique common fized

point.

If we take f = I (the identity mapping) in Corollary 2.3, we get the following

result:

Corollary 2.4. Let (X, d, <) be a partially ordered complete metric space and
a: X — X be a mapping satisfying (i) and (it) of Corollary 2.2 and
(i4i) there exists k < 1 such that

d(oz, ay) < kd(z, y),
for all x, y € X with x < y. Then « has a fixed point.

Example 2.1. Let X = R be a metric space with the usual metric d : X? — [0,
+00) equipped with the natural ordering of real numbers < . Let o, §: X — X be
defined as

azx =In(1 + %) and Bz = 22, for all z € X,
Define
P(t) =t and ¢(t) =In(1+1t), for t >0
Now
Yld(ax, ay)) = d(ax, ay)

= oz — ayl

= ’ln(1+x2)—ln(1—|—y2)’
» ()
= |ln
1+9y2

2 .9
ln<1+x y)
14y

2
< ln(l—i-‘xQ—yz)
< In(1+|[Bz — Byl)
< In(1+d(Ba, By))
< (d(Bz, By)).
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Thus the contractive condition of Theorem 2.1 is satisfied for all z, y € X. Further-
more, all the other conditions of Theorem 2.1 are satisfied and z = 0 is a unique

common fixed point of o and .

3. CouPLED FIXED POINT RESULTS

Consider the partially ordered metric space (X2, §, C), where 6 : X2 x X2 — [0,
+00) defined by

§(V, W) = max{d(z, u), d(y, v)}, VV = (z, y) and W = (u, v) € X?,
and T was introduced as follows
WEVeax>=uandy <wv, forall W= (u, v) and V = (2, y) € X°.

Let f: X? - X and g : X — X be two mappings, then we define mappings ®,
O:X? - X2 forall V = (z,y) € X?, by

(V) = (f(z, y), fy, x)) and O(V) = (g, gy).
Definition 3.1 ([12]). Let f : X2 — X be a given mapping. An element (z, y) € X2
is called a coupled fized point of f if
f(z, y) =2 and f(y, z) = y.
Definition 3.2 ([4]). Let (X, <) be a partially ordered set. Suppose f : X? — X

be a given mapping. We say that f has the mized monotone property if for all z,

y € X, we have
1, 13 € X, xy 222 = f(x1, y) 2 fl22, ¥),

yi, 2 € X, y1 2y = f(z, y1) = fz, y2).

Definition 3.3 ([21]). Let f : X2 — X and g : X — X be given mappings. An
element (x, y) € X? is called a coupled coincidence point of the mappings f and g if

f(z, y) = gz and f(y, =) = gy.

Definition 3.4 ([21]). Let f: X? — X and g : X — X be given mappings. An
element (x, y) € X? is called a common coupled fized point of the mappings f and
g if

= f(z, y) =gz and y = f(y, ) = gy.
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Definition 3.5 ([21]). Mappings f : X? — X and g : X — X are said to be

commautative if

9f(x, y) = f(gz, gy), for all (z, y) € X*.

Definition 3.6 ([21]). Let (X, <) be a partially ordered set. Suppose f : X2 — X
and g : X — X are given mappings. We say that f has the mired g— monotone
property if for all z, y € X, we have

Ty, T2 S Xv gri j gr2 - f(xla y) j f(IZa y)u

vy, v2 € X, gy1 gy = f(z, y1) = f(z, y2).

If g is the identity mapping on X, then f satisfies the mixed monotone property.

Definition 3.7 ([5]). Mappings f : X? — X and g : X — X are said to be

compatible if

lim d(gf(wn, yn), f(g2n, gyn)) = 0,
nh_)rgod(gf(yn» xn)a f(gyn, gl’n)) = 0,

whenever {z,,} and {y,} are sequences in X such that

lim f(zp, yo) = lim gz, =2z € X,
n—oo n—oo
lim f(y,, ©,) = lim gy, =y € X.
n—oo n—oo

Definition 3.8 ([6]). Let X be a non-empty set. Two mappings g : X — X and
f: X? = X are said to be weakly compatible if they commute at their coupled
coincidence points, that is, if f(z, y) = gz and f(y, ¥) = gy for some (x, y) € X2,
then gf(z, y) = f(gz, gy) and gf(y, z) = f(gy, 97).

Lemma 3.1 ([7, 15, 16]). Let (X, d, <) be a partially ordered metric space, f :
X2 - X,9g:X - X and ®, © : X2 = X? be mappings. Then

(1) (X, d) is complete if and only if (X2, 0) is complete.

(2) If (X, d, =) is regular, then (X2, §, C) is also regular.

(3) If f is d-continuous, then ® is d-continuous.

(4) [ has the mized monotone property with respect to < if and only if ® is
C —non-decreasing.

(5) f has the mized g—monotone property with respect to < if and only if then ®

is (©, C)-non-decreasing.
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(6) If there exist two elements xo, yo € X with gro < f(xo, yo) and gyo = f(yo,
x0), then there exists a point Vo = (o, yo) € X? such that O(Vp) C ®(Vp).

(1) 1f F(X2) C g(X), then B(X?) C O(X2).

(8) If f and g are commuting in (X, d, <), then ® and © are also commuting in
(X2, 6, C).

(9) If f and g are compatible in (X, d, <), then ® and © are also compatible in
(X2, 6, C).

(10) If f and g are weak compatible in (X, d, <), then ® and © are also weak
compatible in (X2, 5, C).

(11) A point (x, y) € X2 is a coupled coincidence point of f and g if and only if
it is a coincidence point of ® and ©.

(12) A point (z, y) € X2 is a coupled fized point of f if and only if it is a fived
point of ®.

Theorem 3.1. Let (X, <) be a partially ordered set such that there exists a complete
metric d on X. Assume f : X? — X and g : X — X are two mappings such that
f has the mized g—monotone property with respect to = on X and there exist an
altering distance function v and a right upper semi-continuous function ¢ : [0,
+00) — [0, +00) such that

(3.1) Y(d(f(z, y), flu, v))) < p(max{d(gz, gu), d(gy, gv)}),

for all x, y, u, v € X, with gv < gu and gy = gv. Suppose that f(X?) C g(X), g
is continuous and monotone non-decreasing and the pair {f, g} is compatible. Also
suppose that either

(a) f is continuous or

(b) (X, d, X) is regular.

Assume that there exist two elements xg, yo € X with

gro = f(zo, yo) and gyo = f(yo, o).

Then f and g have a coupled coincidence point. Moreover, if for every (z, y),
(x*,y*) € X2, there ewists a point (u, v) € X2 such that (f(u, v), f(v, u)) is

comparable to (f(x, y), f(y, ) and (f(z*, y*), f(y", x7)), and also the pair (f, g)
1s weakly compatible. Then f and g have a unique common coupled fized point.

Proof. Let x, y, u, v € X be such that gr =< gu and gy > gv. Then by using

contractive condition (3.1), we have
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Y(d(f(x, y), f(u, v)) < p(max{d(gz, gu), d(gy, gv)}).

Furthermore since gy = gv and gx < gu, the contractive condition (3.1) also

ensure that

P(d(f(y, ©), f(v, u)) < pmax{d(gz, gu), d(gy, gv)}).

Combining them, we get

max{v(d(f(z, y), [(u, v))), YAy, ), [, W)}
< p(max{d(gz, gu), d(gy, gv)})
It follows, from the monotonicity of v, that
(3.2) max{d(f(z, y), f(u, v), d(f(y, @), Fo, W)}
< p(max{d(gz, gu), d(gy, gv)}).
Thus by using (3.2), for each V = (x, y) and W = (u, v) € X?, we have

P(o(2(V), ¢(W)))
= Y(max{d(f(z, y), f(u, v)), d(f(y, z), f(v, u))})
< g(max{d(gz, gu), d(gy, gv)})
< »(6(0(V), B(W))).

It is only require to use Theorem 2.1 to the mappings @ = ® and § = © in the
partially ordered metric space (X2, §, ) with the help of Lemma 3.1. ]

Corollary 3.2. Let (X, <) be a partially ordered set such that there exists a complete
metric d on X. Assume f : X? — X has mized monotone property with respect to
=< on X and there exist an altering distance function ¢ and a right upper semi-

continuous function ¢ : [0, +00) — [0, +00) such that
P(d(f(z, y), fu, v))) < plmax{d(z, u), d(y, v)}),

for all x, y, u, v € X, with x X u and y = v. Also suppose that either

(a) f is continuous or
(b) (X, d, =) is regular.
Assume that there exist two elements xg, yo € X with

ro = f(zo, yo) and yo = f(yo, o).

Then f has a coupled fized point.
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In a similar manner, we may state the results analogous to Corollary 2.3 for
Theorem 3.1 and Corollary 3.2.

4. APPLICATION TO ORDINARY DIFFERENTIAL EQUATIONS
In this section, first we obtain the solution for the following first-order periodic
problem:
(4.1) u'(t) = f(t, u(t)), t €[0, T] and u(0) = u(T),

where T'> 0 and f: I x R — R is a continuous function. Let X = C(I, R) (I = [0,
T) of all continuous functions from I to R. It is obvious that X is a complete metric
space with respect to the sup metric
d(z, y) =sup|z(t) —y(t)|, for all z, y € X.
tel

Also X can be equipped with a partial order given by, for all z, y € X,

xRy <= x(t) <y(t), forall t € I.

Definition 4.1. A lower solution for (4.1) is a function x € C'(I, R) such that
2'(t) < f(t, z(t)) for t € I and z(0) = z(T) = 0.
Theorem 4.1. Consider problem (4.1) with f : I x R — R continuous and for x,
y € X with x = v,
A

Then the existence of a lower solution of (4.1) provides the existence of a solution

of (4.1).

Proof. Problem (4.1) is equivalent to the following integral equation

T
u(t) = /0 Gt $)[f(s, u(s)) + Mu(s)]ds,

where G(t, s) is the Green function given by

eMT+s—t)
0<s<t<T
AT _ b b

G(t, s) = eA(s—t)l
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Define the mapping o : X — X by

T
o)) = [ Gt (s, ws) + Aalo)lds

Suppose that x; > 2, then by using our assumption, we can obtain f(¢, x1)+ Az >
f(t, x2) + Aza. As G(t, s) > 0, for t € I, it follows that

T
alz)(t) = /0 G(t, s)[f(s, x1(8)) + A\x1(s)]ds
T
> / G(t, s)[f(s, x2(s)) + Axa(s)]ds = a(x2)(1).
0

Thus « is < —non-decreasing. Now, for each = > y, we have

d(e(z), a(y)) = supla(z)(t) —aly)®)]

tel .
= sup| [ Gt 9)[F(s. 2(9) + als) — s, wls) — Ny()ds
tel 0
T A
< Stlel?/ G(t, s)-—(w(s)—y(s))ds
< fda: ybtlg)/ G(t, s)

A t A (T+s—1) T oA(s—t)
< =d —d —d
< S, y)sulo/0 T s+/t 79

2 tel

1

Thus the contractive condition of Corollary 2.4 is satisfied with £ = 1/2 < 1. Finally,

let z € X be a lower solution of (4.1), then we have
2'(s) + Az(s) < f(s, x(s)) + Ax(s), for all t € I.

Multiplying by G(t, s), we get

/ 7' (s)G tsds+)\/ )ds < a(z)(t), for all t € I.
0
Then, for all t € I, we have
t , eA(TJrs t) T , eA(sft) T
< .
/0 D ds—i—/t o (5) S 1ds+)\/0 2(8)G(t, $)ds < a(z)(?)

Using integration by parts and since z(0) = z(T) = 0, for all t € I, we get z(t) <
a(z)(t). This implies that z < «(z). Thus all the hypothesis of Corollary 2.4 are
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satisfied. Consequently, a has a fixed point # € X which is the solution to (4.1) in
X =C(1, R). O

Next we obtain the solution of the following two-point boundary value problem.
(4.2) { —a"(t) = f(t, z(t), =(t)), t €0, 1],
z(0) = z(1) =0,
where f : [0, 1] x R x R — R is a continuous function. The space X = C(I, R)
(I = [0, 1]) denote the set of all continuous functions from I to R. Obviously X is
a complete metric space with respect to the sup metric and equipped with a partial

order given by, for all z, y € X,

rRy<=x(t) <y(t), forall t € I.

Theorem 4.2. Assume that the following hold:
(@) f:1]0, 1] x R xR — R is continuous.
(b) Suppose that there exists 0 < v < 8 such that for allt € I, x = u and y < v,

0< ft, @, y)— ft, v)Sv\/g(x_“);rg(y—v)7

where g(t) : [0, +00) — [0, +00) is a right upper semi-continuous and non-decreasing
function with g(0) = 0, g(t) < t2, for all t > 0.
(¢) There exists (a, B) € C*(I, R) x C%(I, R) such that
a"(t) < f(t, aft), B(t), t €0, 1],

B”( ) = f(t, B(t), (b)), t €0, 1],
a(0) = a(1) = 5(0) = (1) = 0.

Then problem (4.2) has a solution in C?(I, R).

Proof. 1t is well known that the solution (in C?(I, R)) of problem (4.2) is equivalent

to the solution (in C'(I, R)) of the following Hammerstein integral equation:

/Gt s)f(s, x(s), z(s))ds for t € [0, 1],

2
where G(t, s) is the Green function of differential operator —— with Dirichlet

dt?
boundary condition x(0) = z(1) = 0, that is,

_ft(l=9),0<t<s<1,
G(t, S)_{ s(1—1), 0<s<t<l.

Define the mapping F : X? — X by

1
—/0 G(t, s)f(s, z(s), y(s))ds, t € [0, 1] and z, y € X.
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It follows from (b) that, F' has the mixed monotone property with respect to the
partial order < in X. Let z, y, u, v € X such that z > u and y < v. From (b), we
have

d(F(z, y), F(u, v)) = ig?IF(w, y)(t) — F(u, v)(t)]

~ sup / G(t, 5)[f(s, 2(s), y(s)) — F(s, u(s), v(s)))ds

tel

< ’ysup/ G(t, s) \/ (3)_“(3))+g(y(3)—v(s))ds

tel 2

- 7\/g( (z, u) + g(d(y, v)) Sup/ol G, s)ds.

2 tel

Now, since ¢ is non-decreasing, we have

gld(z, u)) < g(max{d(z, u), d(y, v)}
gld(y, v)) < g(max{d(z, u), d(y, v)}

~—

)

~—

which implies
g(d(z, v)) + g(d(y, v))

< g(max{d(z, u), d(y, v)}).
Thus

(4.3)  d(F(z, y), F(u, v)) < fy\/g(max{d(m, u), d(y, stg?/ G(t, s)

It is easy to obtain that

/Gts :—f+*and sup/Gts
teo, 1
These facts, (4.3) and the hypothesis 0 < v < 8 give us
d(F(x, y), Flu, v)) < §Vgmax{d(e, ). dly, v)})
< Vg(max{d(z, u), d(y, v)}).

Hence

d(F(z, y), F(u, v))* < g(max{d(z, u), d(y, v)}).
Put 9 (t) = t? and ¢(t) = g(t). Obviously, v is an altering distance function, 1(t)
and ¢(t) satisfy the condition of 9 (t) > ¢(t) for ¢ > 0. From the last inequality, we

have

P(d(F(z, y), F(u, v))) < pmax{d(z, u), d(y, v)}).
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Now, let (a, 8) € C?(I, R) x C?(I, R) satisfying (c), then
—a(s) < f(s, afs), B(s)), s € [0, 1].

Multiplying by G(t, s), we get

1
/O —a(s)G(t, s)ds < F(a, B)(t), t €0, 1].

Then, for all ¢ € [0, 1], we have

t 1
—(1—- t)/o sa’(s)ds — t/t (1—s)a"(s)ds < F(a, B)(t).
Using integration by parts and since a(0) = (1) = 0, for all t € [0, 1], we get
—(1 =)t (t) — a(t)) — t(=(1 = 1)o/(t) — a(t)) < F(a, B)(?).
Thus, we have
a(t) 2 F(a, p)(t), for t € [0, 1].

This implies that o < F(a, 3). Similarly, one can prove that g = F (8, «). Thus all
the hypothesis of Corollary 3.2 are satisfied. Consequently, F' has a coupled fixed
point (z, y) € X? which is the solution to (4.2) in X = C?(I, R). O
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