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A NOTE ON BIPOLAR SOFT SUPRA TOPOLOGICAL SPACES

Çiğdem Gündüz Aras a, Sadi Bayramov b

and Arzu Erdem Coşkun c, ∗

Abstract. In this paper, we introduce the concept of bipolar soft supra topological
space and provide a characterization of the related concepts of bipolar soft supra
closure and bipolar soft supra interior. We also establish a connection between
bipolar soft supra topology and bipolar soft topology. Additionally, we present the
concept of bipolar soft supra continuous mapping and examine the concept of bipolar
soft supra compact topological space. A related result concerning the image of the
bipolar soft supra compact space is proved. Finally, we identify the concepts of
disconnected (connected) and strongly disconnected (strongly connected) space and
derive several results linking them together. Relationships among these concepts
are clarified with the aid of examples.

1. Introduction

Soft set theory is used to solve complex, particularly uncertainty, problems when
classical methods are insufficient. Molodtsov introduced the soft set theory to elim-
inate uncertainty [30]. There are several active research studies in the literature
regarding soft sets. Soft set theory has been studied for its properties, operations,
and applications by [4, 5, 19, 26, 27, 31, 32]. In 2011, Shabir and Naz employed
the concept of soft topological space using a soft set definition on an initial uni-
versal set with predefined parameters [35]. Theoretical studies of soft topological
spaces were explored by [13, 14, 15, 24, 25, 29, 38]. In 1983, Mashhour et al. [28]
constructed a broader category, known as the supra topological space, and defined
supra closed sets, supra open sets, and supra continuous mappings. Elmonsef and
Ramadan [2] took this concept further by applying it to fuzzy topological spaces,
proposing a fuzzy supra topological space with fuzzy supra open sets, fuzzy supra
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closed sets, and fuzzy supra continuity. This proposal provides a generalisation of
fuzzy continuity. Abbas [1] defined the intuitionistic supra fuzzy topological space
by using an intuitionistic fuzzy bitopological space, and examined the correlation
between the intuitionistic supra fuzzy closure space and the intuitionistic supra fuzzy
topological space. Turanlı presented several primary outcomes of intuitionistic fuzzy
supra topological space, including connectedness concepts and compactness, [37].
S.A.El-Sheikh and A.M.Abd-El-Latif [16] hybridized supra topological space and
soft theory in 2014 to introduce the idea of soft supra topological spaces. Aras [20]
proposed intuitionistic fuzzy soft supra topological space as an alternative type of
soft supra topological spaces. Various researchers explored the findings regarding
soft supra topological spaces [8, 9, 10, 11, 12], including supra soft axioms through
soft supra topological spaces with respect to the soft points [3], supra soft compact-
ness and supra soft closure operators [17]. Soft axioms via supra soft topological
spaces were studied with respect to the ordinary points [6], and the soft points [21];
the generalization of supra soft topological spaces [22], and the concept of supra
soft topological ordered spaces [7]. Ozturk [33] proposed the concept of bipolar soft
points and examined some of its key properties. However, the representation of a
bipolar soft set

(
F, Ẽ

)
as a combination of bipolar soft points provided in [33] is

not valid. In order to rectify this flaw, a redefinition of the bipolar soft point was
presented in [23]. Shabir and Naz were the first to use the concept of bipolar soft set
by joining the ideas of bipolarity with soft set theory, [34]. A structure of a bipolar
soft set is created by two mappings, F and G, where F : E → P (X) and G : ¬E →
P (X), where ¬E represents the “ot set of E”. F expresses positive information
and G expresses opposite approximation. Subsequently, Shabir and Bakhtawar [36]
commenced the study of bipolar soft topological spaces.

This paper firstly introduces bipolar soft supra topological space and defines the
concepts of bipolar soft supra closure and bipolar soft supra interior. In addition,
the paper establishes a connection between bipolar soft supra topology and bipolar
soft topology. Secondly, the paper presents the concepts of bipolar soft supra con-
tinuous mapping with the assistance of bipolar soft supra closure and bipolar soft
supra interior notions. This research focuses on the concept of bipolar soft supra-
compact topological spaces. We demonstrate that the bipolar soft supra-compact
space’s image remains intact under bipolar soft supra-continuous mapping. Building
on bipolar soft supra topological space, we define the concepts of disconnected (con-
nected) and strongly disconnected (strongly connected) spaces and establish several
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interconnections between them. We also used examples to clarify the relationships
among these concepts.

2. Preliminaries

This section presents the essential definitions for bipolar soft sets. In this paper,
X represents the initial universe, Ẽ represents the set of all parameters, and P (X)
represents the power set of X.

Definition 2.1 ([27]). Consider E to be a set of parameters, E = {e1, e2, ..., en}.
We define the ‘not set’ of E as ¬E = {¬e1,¬e2, ...,¬en}, denoted by ¬E. Here, for
each i, ¬ei = not ei.

Definition 2.2 ([34]). A mapping F : Ẽ = E ∪ ¬E → P (X) defines a bipolar soft
set

(
F, Ẽ

)
over X in which F (e) ∩ F (¬e) = ∅ holds for every e ∈ Ẽ.

Definition 2.3 ([34]). Consider two bipolar soft sets over X,
(
F, Ẽ

)
and

(
G, Ẽ

)
.

We refer to
(
F, Ẽ

)
as a bipolar soft subset of

(
G, Ẽ

)
if and only if F (e) ⊂ G (e)

for every e ∈ E and G (¬e) ⊂ F (¬e) for each ¬e ∈ ¬E. This relationship is denoted
by

(
F, Ẽ

)
⊂

(
G, Ẽ

)
, meaning that

(
F, Ẽ

)
is a bipolar soft subset of

(
G, Ẽ

)
. We

refer to
(
F, Ẽ

)
as bipolar soft equal to

(
G, Ẽ

)
if and only if

(
F, Ẽ

)
is a bipolar

soft subset of
(
G, Ẽ

)
and

(
G, Ẽ

)
is a bipolar soft subset of

(
F, Ẽ

)
.

Definition 2.4 ([34]). Consider two bipolar soft sets
(
F, Ẽ

)
and

(
G, Ẽ

)
over the

universe set X. Their bipolar soft union results in a bipolar soft set
(
H, Ẽ

)
over X

where H (e) = (F ∪G) (e) = F (e)∪G (e) for all e ∈ E, and H (¬e) = (F ∪G) (¬e) =
F (¬e) ∩G (¬e) for all ¬e ∈ ¬E.

Definition 2.5 ([34]). Consider two bipolar soft sets
(
F, Ẽ

)
and

(
G, Ẽ

)
over the

universe set X. The bipolar soft intersection of
(
F, Ẽ

)
and

(
G, Ẽ

)
is then trans-

formed to a bipolar soft set
(
H, Ẽ

)
over the domain X. Specifically, H (e) =

(F ∩G) (e) = F (e) ∩ G (e) for each e ∈ E and H (¬e) = (F ∩G) (¬e) = F (¬e) ∪
G (¬e) for each ¬e ∈ ¬E.

Definition 2.6 ([34]). Let
(
F, Ẽ

)
be a bipolar soft set over X. Then bipolar soft

complement of
(
F, Ẽ

)
, denoted by

(
F, Ẽ

)c
=

(
F c, Ẽ

)
, where F c : Ẽ → P (X) is
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a mapping defined by F c (e) = F (¬e) for each e ∈ E and F c (¬e) = F (e) for each
¬e ∈ ¬E.

Definition 2.7 ([34]). A bipolar soft set
(
F, Ẽ

)
over X is considered a null bipolar

soft set, denoted by
(
Φ, Ẽ

)
, if F (e) = ∅ for each e ∈ E and F (¬e) = X for each

¬e ∈ ¬E.

Definition 2.8 ([34]). A bipolar soft set
(
F, Ẽ

)
over X is said to be an absolute

bipolar soft set, denoted by
(
X̃, Ẽ

)
, if F (e) = X for each e ∈ E and F (¬e) = ∅ for

each ¬e ∈ ¬E.

Definition 2.9 ([36]). Let τ̃ be the collection of bipolar soft sets over X with Ẽ.

Then τ̃ is said to be a bipolar soft topology on X if
1)

(
Φ, Ẽ

)
,
(
X̃, Ẽ

)
belong to τ̃ ;

2) the union of any number of bipolar soft sets in τ̃ belongs to τ̃ ;
3) the intersection of any two bipolar soft sets in τ̃ belongs to τ̃ .

The triplet
(
X, τ̃ , Ẽ

)
is called a bipolar soft topological space over X. The mem-

bers of τ̃ are said to be bipolar soft open sets in X.

Definition 2.10 ([36]). Let
(
X, τ̃ , Ẽ

)
be a bipolar soft topological space over X. A

soft set
(
F, Ẽ

)
over X is said to be a bipolar soft closed set in X, if its complement

(F, E)c belongs to τ̃ .

3. Bipolar Soft Supra Topology

Let BSS
(
X, Ẽ

)
be a family of all bipolar soft sets over X with parameters in Ẽ.

This section defines key concepts such as bipolar soft supra topology, bipolar soft
supra open set, a bipolar soft supra closed set, bipolar soft supra interior, bipolar
soft supra continuous, bipolar soft supra continuous, bipolar soft supra open sub-
cover, bipolar soft supra subspace, disconnected space (connected space), strongly
disconnected space (strongly connected space) with some properties and relation
between them.

Definition 3.1. A family τ̃ of BSS′s on X is called a bipolar soft supra topology
(BSST for short) on X if

(1)
(
Φ, Ẽ

)
,
(
X̃, Ẽ

)
belong to τ̃ ,

(2) τ̃ is closed under arbitrary union.
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Then
(
X, τ̃ , Ẽ

)
is called bipolar soft supra topological spaces (BSSTS for short).

Definition 3.2. Let
(
X, τ̃ , Ẽ

)
be a bipolar soft supra topological space. Then each

member of τ̃ is called a bipolar soft supra open set.

Definition 3.3. Let
(
X, τ̃ , Ẽ

)
be a bipolar soft supra topological space. A bipolar

soft set
(
F, Ẽ

)
over X is said to be a bipolar soft supra closed set, if its complement(

F, Ẽ
)c

belongs to τ̃ .

Let F be a family of bipolar soft supra closed sets.

Proposition 3.4. Let
(
X, τ̃ , Ẽ

)
be a bipolar soft supra topological space. Then

(1)
(
Φ, Ẽ

)
,
(
X̃, Ẽ

)
are bipolar soft supra closed sets,

(2) F is closed under arbitrary intersection.

Proof. The proof is obtained from the definition of a bipolar soft supra closed set. ¤

Remark 3.5. Let F be a family that meets above the proposition conditions. Thus
the complement of elements of F form a bipolar soft supra topology.

Example 3.6. Let X = {x1, x2, x3} and E = {e1, e2} . The bipolar soft sets(
F1, Ẽ

)
,
(
F2, Ẽ

)
on X are defined as follows:

F1 (e1) = X, F1 (¬e1) = ∅, F1 (e2) = {x1, x2} , F1 (¬e2) = {x3} ,

F2 (e1) = {x1, x2} , F2 (¬e1) = {x3} , F2 (e2) = {x3} , F2 (¬e2) = ∅.

Then τ̃ =
{(

Φ, Ẽ
)

,
(
X̃, Ẽ

)
,
(
F1, Ẽ

)
,
(
F2, Ẽ

)}
is a bipolar soft supra topology on

X.

Example 3.7. Let us consider Example 3.6. Next, we define the complements of(
F1, Ẽ

)
,
(
F2, Ẽ

)
on X as:

(F1)
c (e1) = ∅, (F1)

c (¬e1) = X, (F1)
c (e2) = {x3} , (F1)

c (¬e2) = {x1, x2} ,

(F2)
c (e1) = {x3} , (F2)

c (¬e1) = {x1, x2} , (F2)
c (e2) = ∅, (F2)

c (¬e2) = {x3} .

Thus F =
{(

Φ, Ẽ
)

,
(
X̃, Ẽ

)
,
(
F1, Ẽ

)c
,
(
F2, Ẽ

)c}
is a family of bipolar soft supra

closed sets.
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Proposition 3.8. Let
(
X, τ̃ , Ẽ

)
be a bipolar soft supra topological space over X.

Then

τe =
{

F (e) :
(
F, Ẽ

)
∈ τ̃

}
,

τ¬e =
{

F (¬e) :
(
F, Ẽ

)
∈ τ̃

}

define two supra topologies on X for each e ∈ Ẽ.

Proof. It is clear. ¤

It is important to note that τe and τ¬e are independent of each other.

Remark 3.9. It is evident that bipolar soft supra topology is a natural generalisa-
tion of supra soft topology.

Remark 3.10. A bipolar supra topological space is considered as a supra soft
topological space that depends on only one parameter.

Example 3.11. Let X = {x1, x2, x3} and E = {e1, e2} . The bipolar soft sets(
F1, Ẽ

)
,
(
F2, Ẽ

)
on X are defined as follows:

F1 (e1) = {x1} , F1 (¬e1) = {x2, x3} , F1 (e2) = {x2, x3} , F1 (¬e2) = {x1} ,

F2 (e1) = {x2, x3} , F2 (¬e1) = {x1} , F2 (e2) = {x1} , F2 (¬e2) = ∅.

Hence τ̃ =
{(

Φ, Ẽ
)

,
(
X̃, Ẽ

)
,
(
F1, Ẽ

)
,
(
F2, Ẽ

)}
is a bipolar soft supra topology

on X.

τe1 = {F1 (e1) = {x1} , F2 (e1) = {x2, x3} ,∅, X} ,

τe2 = {F1 (e2) = {x2, x3} , F2 (e2) = {x1} ,∅, X} ,

τ¬e1 = {F1 (¬e1) = {x2, x3} , F2 (¬e1) = {x1} ,∅, X} ,

τ¬e2 = {F1 (¬e2) = {x1} , F2 (¬e2) = ∅,∅, X}
are supra topologies on X.

Proposition 3.12. If τ̃ is a bipolar soft supra topology on X, then

βτ̃ =
{(

G, Ẽ
)
∈ BSS

(
X, Ẽ

)
: ∀

(
F, Ẽ

)
,

(
F, Ẽ

)
∈ τ̃ ⇒

(
G, Ẽ

)
∩

(
F, Ẽ

)
∈ τ̃

}

is a bipolar soft topology on X and βτ̃ ⊂ τ̃ .

Proof. 1.
(
F, Ẽ

)
∈ τ̃ ⇒

(
Φ, Ẽ

)
∩

(
F, Ẽ

)
=

(
Φ, Ẽ

)
and

(
X̃, Ẽ

)
∩

(
F, Ẽ

)
=(

F, Ẽ
)
∈ τ̃ . Hence

(
Φ, Ẽ

)
,
(
X̃, Ẽ

)
∈ βτ̃ .
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2. Let
{(

Gi, Ẽ
)

: i ∈ I
}
⊂ βτ̃ and

(
F, Ẽ

)
∈ τ̃ . Since(

∪
i∈I

(
Gi, Ẽ

))
∩

(
F, Ẽ

)
= ∪

i∈I

((
Gi, Ẽ

)
∩

(
F, Ẽ

))
∈ τ̃ ,

so we have ∪
i∈I

(
Gi, Ẽ

)
∈ βτ̃ .

3. Let
(
G1, Ẽ

)
,
(
G2, Ẽ

)
∈ βτ̃ and

(
F, Ẽ

)
∈ τ̃ . Then for each e ∈ Ẽ,

([(
G1, Ẽ

)
∩

(
G2, Ẽ

)]
∩

(
F, Ẽ

))
(e)

= [(G1 ∩G2) (e) , (G1 ∪G2) (¬e)] ∩ [F (e) , F (¬e)]

= ([(G1 ∩G2) ∩ F ] (e) , [(G1 ∪G2) ∪ F ] (¬e))

= ([G1 ∩ (G2 ∩ F )] (e) , [G1 ∪ (G2 ∪ F )] (¬e)) .

So we have[(
G1, Ẽ

)
∩

(
G2, Ẽ

)]
∩

(
F, Ẽ

)
=

(
G1, Ẽ

)
∩

[(
G2, Ẽ

)
∩

(
F, Ẽ

)]
.

Since
(
G2, Ẽ

)
∩

(
F, Ẽ

)
∈ τ̃ and

(
G1, Ẽ

)
∈ βτ̃ ,

(
G1, Ẽ

)
∩

[(
G2, Ẽ

)
∩

(
F, Ẽ

)]
∈ τ̃ .

So
(
G1, Ẽ

)
∩

(
G2, Ẽ

)
∈ βτ̃ . Thus βτ̃ is a bipolar soft topology on X.

If
(
G, Ẽ

)
∈ βτ̃ , since

(
X̃, Ẽ

)
∈ τ̃ and

(
G, Ẽ

)
∩

(
X̃, Ẽ

)
=

(
G, Ẽ

)
∈ τ̃ ,

(
G, Ẽ

)
∈

τ̃ is obtained. ¤

Proposition 3.13. Consider two bipolar soft supra topological spaces
(
X, τ̃1, Ẽ

)
and(

X, τ̃2, Ẽ
)

defined over the same universe X. Then, the intersection of these spaces(
X, τ̃1 ∩ τ̃2, Ẽ

)
is also a bipolar soft supra topological space over X.

Proof. The proof is straightforward. ¤

Remark 3.14. The union of two bipolar soft supra topologies on X may not be a
bipolar soft supra topology on X.

Definition 3.15. The s− cl
(
F, Ẽ

)
, which stands for the bipolar soft supra closure

of
(
F, Ẽ

)
∈ BSS, is defined as the intersection of all bipolar soft supra closed sets

that contain
(
F, Ẽ

)
.

Proposition 3.16. Let
(
X, τ̃ , Ẽ

)
be a bipolar soft supra topological space on X,(

F1, Ẽ
)

and
(
F2, Ẽ

)
∈ BSS′s. Then

(1) s− cl
((

Φ, Ẽ
))

=
(
Φ, Ẽ

)
,
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(2)
(
F1, Ẽ

)
⊂ s− cl

(
F1, Ẽ

)
,

(3)
(
F1, Ẽ

)
is a bipolar soft supra closed set if and only if

(
F1, Ẽ

)
= s −

cl
(
F1, Ẽ

)
,

(4) s− cl
(
F1, Ẽ

)
= s− cl

(
s− cl

(
F1, Ẽ

))
,

(5)
(
F1, Ẽ

)
⊂

(
F2, Ẽ

)
implies that s− cl

(
F1, Ẽ

)
⊂ s− cl

(
F2, Ẽ

)
,

(6) s− cl
(
F1, Ẽ

)
∪ s− cl

(
F2, Ẽ

)
= s− cl

((
F1, Ẽ

)
∪

(
F2, Ẽ

))
.

Proof. The proof is obtained from the definition of bipolar soft supra closure. ¤

Example 3.17. Let X = {x1, x2, x3} and E = {e1, e2} . The bipolar soft sets(
F1, Ẽ

)
,
(
F2, Ẽ

)
on X are defined as follows:

F1 (e1) = {x2} , F1 (¬e1) = {x1, x3} , F1 (e2) = {x3} , F1 (¬e2) = {x1} ,

F2 (e1) = {x1, x3} , F2 (¬e1) = ∅, F2 (e2) = {x1, x2} , F2 (¬e2) = ∅.

Hence τ̃ =
{(

Φ, Ẽ
)

,
(
X̃, Ẽ

)
,
(
F1, Ẽ

)
,
(
F2, Ẽ

)}
is a bipolar soft supra topology

on X. Let us consider

F (e1) = {x1} , F (¬e1) = {x2, x3} , F (e2) = {x1} , F (¬e2) = {x3} .

Then s− cl
(
F, Ẽ

)
=

(
F1, Ẽ

)c
is obtained.

Definition 3.18. The bipolar soft supra interior of
(
F, Ẽ

)
∈ BSS, denoted by

s − int
(
F, Ẽ

)
, is defined as the union of all bipolar soft supra open sets that are

included in
(
F, Ẽ

)
.

Proposition 3.19. Let
(
X, τ̃ , Ẽ

)
be a bipolar soft supra topological space on X,(

F1, Ẽ
)

and
(
F2, Ẽ

)
∈ BSS′s. Then

(1) s− int
((

X̃, Ẽ
))

=
(
X̃, Ẽ

)
,

(2) s− int
(
F1, Ẽ

)
⊂

(
F1, Ẽ

)
,

(3)
(
F1, Ẽ

)
is a bipolar soft supra open set if and only if s − int

(
F1, Ẽ

)
=(

F1, Ẽ
)

,

(4) s− int
(
F1, Ẽ

)
= s− int

(
s− int

(
F1, Ẽ

))
,

(5)
(
F1, Ẽ

)
⊂

(
F2, Ẽ

)
implies that s− int

(
F1, Ẽ

)
⊂ s− int

(
F2, Ẽ

)
,

(6) s− int
(
F1, Ẽ

)
∩ s− int

(
F2, Ẽ

)
6= s− int

((
F1, Ẽ

)
∩

(
F2, Ẽ

))
.
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Proof. The proof is obtained from the definition of bipolar soft supra interior. ¤

Example 3.20. Let X = {x1, x2, x3, x4} and E = {e1} . The bipolar soft sets(
F1, Ẽ

)
,
(
F2, Ẽ

)
,
(
F3, Ẽ

)
on X are defined as follows:

F1 (e1) = {x2, x3} , F1 (¬e1) = {x1} ,

F2 (e1) = {x2} , F2 (¬e1) = {x4}
F3 (e1) = {x2, x3} , F3 (¬e1) = ∅.

Hence τ̃ =
{(

Φ, Ẽ
)

,
(
X̃, Ẽ

)
,
(
F1, Ẽ

)
,
(
F2, Ẽ

)
,
(
F3, Ẽ

)}
is a bipolar soft supra

topology on X. Let us consider

F (e1) = {x2, x3, x4} , F (¬e1) = {x1} ,

G (e1) = {x2} , G (¬e1) = ∅.

Then s−int
(
F, Ẽ

)
=

(
F1, Ẽ

)
and s−int

(
G, Ẽ

)
=

(
F2, Ẽ

)
. So s−int

(
F, Ẽ

)
∩

s− int
(
G, Ẽ

)
=

(
H, Ẽ

)
, where

H (e1) = {x2} ,H (¬e1) = {x1, x4} .

But
(
F, Ẽ

)
∩

(
G, Ẽ

)
=

(
M, Ẽ

)
, where

M (e1) = {x2} ,M (¬e1) = {x1} ,

and so s− int
((

F, Ẽ
)
∩

(
G, Ẽ

))
=

(
Φ, Ẽ

)
. This implies that s− int

(
F, Ẽ

)
∩

s− int
(
G, Ẽ

)
6= s− int

((
F, Ẽ

)
∩

(
G, Ẽ

))
.

Definition 3.21 ([23]). Let
(
F, Ẽ

)
be a bipolar soft set over X. Then

(
F, Ẽ

)
is said

to be bipolar soft point if there exist x, y ∈ X, (It is possible to take x = y), e ∈ E

and ¬e ∈ ¬E such that

xy
e

(
e′

)
=

{
∅, if e 6= e′
{x} , if e = e′.

and

xy
e

(¬e′
)

=
{

X, if e 6= e′
X\ {x, y} , if e = e′.

A bipolar soft point can be denoted briefly by xy
e .

Remark 3.22. Every bipolar soft set can be written as a union of bipolar soft
points.
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Theorem 3.23. Let
(
F, Ẽ

)
be a bipolar soft set and xy

e be a bipolar soft point of(
X, τ̃ , Ẽ

)
. Then xy

e ∈ s − cl
(
F, Ẽ

)
if and only if

(
F, Ẽ

)
∩

(
G, Ẽ

)
6=

(
Φ, Ẽ

)
for

each bipolar supra soft open set
(
G, Ẽ

)
that contains xy

e .

Proof. It is clear. ¤

Definition 3.24 ([18]). Let
(
X, Ẽ

)
and

(
Y, Ẽ′

)
be two bipolar soft sets. If f : X →

Y is an injective mapping, ϕ : Ẽ → Ẽ′ is a mapping such that ϕ (¬e) = ¬ϕ (e) ,

then (f, ϕ) :
(
X, Ẽ

)
→

(
Y, Ẽ′

)
is called a bipolar soft mapping of bipolar soft sets.

Definition 3.25 ([18]). Let (f, ϕ) :
(
X, Ẽ

)
→

(
Y, Ẽ′

)
be a bipolar soft mapping of

bipolar soft sets and
(
F, Ẽ

)
be a bipolar soft set over X. Then image of the bipolar

soft set
(
F, Ẽ

)
under the mapping (f, ϕ) is a bipolar soft set in Y given as, for each

e′ ∈ Ẽ′,

(f, ϕ)
((

F, Ẽ
)) (

e′
)

= f

(
∪

e∈ϕ−1(e′)∩E
(F (e))

)
,

(f, ϕ)
((

F, Ẽ
)) (¬e′

)
= f

(
∩

¬e∈ϕ−1(¬e′)∩¬E
(F (¬e))

)
.

Definition 3.26 ([18]). Let (f, ϕ) :
(
X, Ẽ

)
→

(
Y, Ẽ′

)
be a bipolar soft mapping

of bipolar soft sets and
(
G, Ẽ′

)
be a bipolar soft set over Y. Then inverse image

of the bipolar soft set
(
G, Ẽ′

)
under the mapping (f, ϕ) is a bipolar soft set in X

given as, for each e ∈ Ẽ,

(f, ϕ)−1
((

G, Ẽ′
))

(e) = f−1 (G (ϕ (e))) ,

(f, ϕ)−1
((

G, Ẽ′
))

(¬e) = f−1 (G (ϕ (¬e))) .

Definition 3.27. Let
(
X, τ̃ , Ẽ

)
,
(
Y, τ̃ ′, Ẽ′

)
be two bipolar soft supra topological

spaces and (f, ϕ) :
(
X, τ̃ , Ẽ

)
→

(
Y, τ̃ ′, Ẽ′

)
be a bipolar soft mapping. Then the

mapping (f, ϕ) is defined to be a bipolar soft supra continuous if for each bipolar
soft set BSS in τ̃ ′, its inverse image is a bipolar soft set in τ̃ .

Theorem 3.28. Let
(
X, τ̃ , Ẽ

)
,

(
Y, τ̃ ′, Ẽ′

)
be two bipolar soft supra topological

spaces and (f, ϕ) :
(
X, τ̃ , Ẽ

)
→

(
Y, τ̃ ′, Ẽ′

)
be a bipolar soft mapping. Then the

followings are equivalent:
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(1) (f, ϕ) is a bipolar soft supra continuous mapping,
(2) For each bipolar soft supra closed set

(
H, Ẽ′

)
on Y, (f, ϕ)−1

((
H, Ẽ′

))
is a

bipolar soft supra closed set on X,

(3) (f, ϕ)
(
s− cl

(
F, Ẽ

))
⊂ s− cl

(
(f, ϕ)

(
F, Ẽ

))
, ∀

(
F, Ẽ

)
∈

(
X, τ̃ , Ẽ

)
,

(4) s−cl
(
(f, ϕ)−1

(
H, Ẽ′

))
⊂ (f, ϕ)−1

(
s− cl

(
H, Ẽ′

))
, ∀

(
H, Ẽ′

)
∈

(
Y, τ̃ ′, Ẽ′

)
,

(5) (f, ϕ)−1
(
s− int

(
H, Ẽ′

))
⊂ s−int

(
(f, ϕ)−1

(
H, Ẽ′

))
, ∀

(
H, Ẽ′

)
∈

(
Y, τ̃ ′, Ẽ′

)
.

Proof. It is clear. ¤

Definition 3.29. Let
(
X, τ̃ , Ẽ

)
be a bipolar soft supra topological space. A family{(

Fi, Ẽ
)

: i ∈ I
}

of bipolar soft supra open sets in X is called a bipolar soft supra
open cover of X, if it satisfies the following condition:

˜∪
i

(
Fi, Ẽ

)
=

(
X̃, Ẽ

)

This means that

∪
i
(Fi) (e) = X,∩

i
(Fi) (¬e) = ∅

is satisfied for each e ∈ Ẽ.

Definition 3.30. A family
{(

Fi, Ẽ
)

: i ∈ J ⊂ I
}

is called a bipolar soft supra open

subcover of X, i.e.
˜∪

i∈J

(
Fi, Ẽ

)
=

(
X̃, Ẽ

)
is satisfied.

Definition 3.31. Let
(
X, τ̃ , Ẽ

)
be a bipolar soft supra topological space.

(
X, τ̃ , Ẽ

)

is called a bipolar soft supra compact topological space if every bipolar soft supra open
cover of X has a finite subcover.

Now we can constitute two supra topologies as τ̃ = (τ0, τc) on
(
X, τ̃ , Ẽ

)
where

τ0 is a family of all soft open sets and τc is a family of all soft closed sets.

Theorem 3.32. If
(
X, τ̃ , Ẽ

)
is bipolar soft supra compact topological space, then

(X, τ0, E) is a soft supra compact topological space. However, the topological space
(X, τc,¬E) is not soft supra compact topological space.

Proof. Let
(
X, τ̃ , Ẽ

)
be a bipolar soft supra compact topological space and the

family of soft sets {(Fi, E) : i ∈ I} be a soft open covering of (X, τ0, E) . Let us add
soft open sets (Fi,¬E) to this family. Since Fi (¬e) ⊂ X\Fi (e) and ∪

i
Fi (e) = ∅,

∩
i
Fi (¬e) = ∅ are obtained. Thus the family {(Fi, E ∪ ¬E)}i∈I is a open covering of
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(
X, τ̃ , Ẽ

)
. Since

(
X, τ̃ , Ẽ

)
is a bipolar soft supra compact topological space, there

exists finite subcovering of this covering such that {(Fik , E ∪ ¬E)}k=1,n . Hence the
family {(Fik , E)}k=1,k is a finite subcovering of (X, τ0, E) . ¤

The subsequent example demonstrates that (X, τc,¬E) fails to qualify as a soft
supra compact topological space.

Example 3.33. Let X = {x1, x2, x3} and E = {e1, e2} . The bipolar soft open sets(
F1, Ẽ

)
,
(
F2, Ẽ

)
on X are defined as follows:

F1 (e1) = {x1} , F1 (¬e1) = {x2} ,

F1 (e2) = {x1, x2} , F1 (¬e2) = {x3} ,

F2 (e1) = {x3} , F2 (¬e1) = {x1} ,

F2 (e2) = {x2} , F2 (¬e2) = {x1} .

Altough (F1,¬E) , (F2,¬E) is a covering of (X, τc,¬E), but the bipolar soft open
sets

(
F1, Ẽ

)
,
(
F2, Ẽ

)
do not cover of

(
X, τ̃ , Ẽ

)
.

Theorem 3.34. Let
(
X, τ̃ , Ẽ

)
,

(
Y, τ̃ ′, Ẽ′

)
be two bipolar soft supra topological

spaces, f : X → Y be an injective mapping and (f, ϕ) :
(
X, τ̃ , Ẽ

)
→

(
Y, τ̃ ′, Ẽ′

)

be a bipolar soft supra continuous mapping. If
(
X, τ̃ , Ẽ

)
is a bipolar soft supra

compact topological space, then (f, ϕ)
((

X, τ̃ , Ẽ
))

is also a compact bipolar soft
supra topological space.

Proof. It is clear. ¤

Definition 3.35. Let
(
X, τ̃ , Ẽ

)
be a bipolar soft supra topological space and Y ⊂

X. Then the family
τ̃Y =

{
Ỹ ∩

(
F, Ẽ

)
:
(
F, Ẽ

)
∈ τ̃

}

is called a bipolar soft supra topology on Y and
(
Y, τ̃Y , Ẽ

)
is called a bipolar soft

supra subspace of
(
X, τ̃ , Ẽ

)
.

Theorem 3.36. Let
(
Y, τ̃Y , Ẽ

)
be a bipolar soft supra subspace of

(
X, τ̃ , Ẽ

)
. Then(

F, Ẽ
)

is a bipolar soft supra closed subset of
(
Y, τ̃Y , Ẽ

)
if and only if there exists a

bipolar soft supra closed subset
(
G, Ẽ

)
of

(
X, τ̃ , Ẽ

)
such that

(
F, Ẽ

)
=

(
G, Ẽ

)
∩Ỹ .

Proof. It is clear. ¤
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Definition 3.37. Let
(
X, τ̃ , Ẽ

)
be a bipolar soft supra topological space. A space(

X, τ̃ , Ẽ
)

is defined as a disconnected space if there exist two sets
(
F1, Ẽ

)
,
(
F2, Ẽ

)
∈

τ̃ such that F1 (e) ∪ F2 (e) = X and F1 (e) ∩ F2 (e) = ∅ for each e ∈ E. If there are
no such sets

(
F1, Ẽ

)
,
(
F2, Ẽ

)
∈ τ̃ , then the space is said to be a connected space.

Definition 3.38. Let
(
X, τ̃ , Ẽ

)
be a bipolar soft supra topological space. If there

exist
(
F1, Ẽ

)
,
(
F2, Ẽ

)
∈ τ̃ such that

(
F1, Ẽ

)
∪

(
F2, Ẽ

)
=

(
X̃, Ẽ

)
and

(
F1, Ẽ

)
∩(

F2, Ẽ
)

=
(
Φ, Ẽ

)
, then

(
X, τ̃ , Ẽ

)
is said to be a strongly disconnected space.

Otherwise, this space is said to be a strongly connected space.

Remark 3.39. A strongly disconnected space is a disconnected space. However,
the opposite does not hold.

Example 3.40. Let X = {x1, x2, x3, x4} and E = {e1, e2} . The bipolar soft open
sets

(
F1, Ẽ

)
,
(
F2, Ẽ

)
on X are defined as follows:

F1 (e1) = {x1, x2} , F1 (¬e1) = {x3} ,

F1 (e2) = {x2, x4} , F1 (¬e2) = {x1} ,

F2 (e1) = {x3, x4} , F2 (¬e1) = {x2} ,

F2 (e2) = {x1, x3} , F2 (¬e2) = {x4} .

Then τ̃ =
{(

Φ, Ẽ
)

,
(
X̃, Ẽ

)
,
(
F1, Ẽ

)
,
(
F2, Ẽ

)}
is a bipolar soft supra topology on

X and
(
X, τ̃ , Ẽ

)
is disconnected space. Since

(
F1, Ẽ

)
∪

(
F2, Ẽ

)
=

(
X̃, Ẽ

)
and(

F1, Ẽ
)
∩

(
F2, Ẽ

)
6=

(
Φ, Ẽ

)
, it is not strongly disconnected space.

Remark 3.41. A connected space is also a strongly connected space.

Example 3.42. Let X = {x1, x2, x3} and E = {e1, e2} . The bipolar soft open sets(
F1, Ẽ

)
,
(
F2, Ẽ

)
on X are defined as follows:

F1 (e1) = {x1, x2} , F1 (¬e1) = {x3} ,

F1 (e2) = {x2, x3} , F1 (¬e2) = ∅,

F2 (e1) = {x1, x3} , F2 (¬e1) = {x2} ,

F2 (e2) = {x1, x2} , F2 (¬e2) = {x3} .

Then τ̃ =
{(

Φ, Ẽ
)

,
(
X̃, Ẽ

)
,
(
F1, Ẽ

)
,
(
F2, Ẽ

)}
is a bipolar soft supra topology on

X and
(
X, τ̃ , Ẽ

)
is connected space. It is also strongly connected space.
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Theorem 3.43. Let
(
X, τ̃ , Ẽ

)
be a bipolar soft supra topological space. Then(

X, τ̃ , Ẽ
)

is a disconnected space if and only if there exist two bipolar soft supra

closed sets
(
G1, Ẽ

)
,
(
G2, Ẽ

)
with G1 (¬e) 6= ∅, G2 (¬e) 6= ∅ for some e ∈ E such

that G1 (¬e) ∪G2 (¬e) = X and G1 (¬e) ∩G2 (¬e) = ∅ for each ¬e ∈ ¬E.

Proof. Suppose that
(
X, τ̃ , Ẽ

)
is a disconnected space. Then there exist

(
F1, Ẽ

)
,(

F2, Ẽ
)
∈ τ̃ such that F1 (e) ∪ F2 (e) = X, F1 (e) ∩ F2 (e) = ∅ and F1 (e) 6= ∅,

F2 (e) 6= ∅ for each e ∈ E. Since
(
F c

1 , Ẽ
)

,
(
F c

2 , Ẽ
)

are bipolar soft supra closed
sets, ∅ 6= F c

1 (¬e) = F1 (e) , ∅ 6= F c
2 (¬e) = F2 (e) and F c

1 (¬e) ∪ F c
2 (¬e) = X,

F c
1 (¬e) ∩ F c

2 (¬e) = ∅ are satisfied.
Conversely, suppose that there exist two bipolar soft supra closed sets

(
G1, Ẽ

)
,(

G2, Ẽ
)

with G1 (¬e) 6= ∅, G2 (¬e) 6= ∅ for some e ∈ E such that G1 (¬e) ∪
G2 (¬e) = X and G1 (¬e)∩G2 (¬e) = ∅ for each ¬e ∈ ¬E. Then

(
Gc

1, Ẽ
)

,
(
Gc

2, Ẽ
)

are bipolar soft supra open sets with ∅ 6= Gc
1 (e) = G1 (¬e) , ∅ 6= Gc

2 (e) = G2 (¬e)
for some e ∈ E such that Gc

1 (e) ∪ Gc
2 (e) = X and Gc

1 (e) ∩ Gc
2 (e) = ∅ for each

e ∈ E. Thus
(
X, τ̃ , Ẽ

)
is a disconnected space. ¤

Theorem 3.44. Let
(
X, τ̃ , Ẽ

)
be a bipolar soft supra topological space. Then(

X, τ̃ , Ẽ
)

is a strongly disconnected space if and only if there exist two bipolar soft

supra closed sets
(
G1, Ẽ

)
,
(
G2, Ẽ

)
such that

(
G1, Ẽ

)
∪

(
G2, Ẽ

)
=

(
X̃, Ẽ

)
and(

G1, Ẽ
)
∩

(
G2, Ẽ

)
=

(
Φ, Ẽ

)
.

Proof. Suppose that
(
X, τ̃ , Ẽ

)
is a strongly disconnected space. Then there ex-

ist
(
F1, Ẽ

)
,
(
F2, Ẽ

)
∈ τ̃ such that

(
F1, Ẽ

)
∪

(
F2, Ẽ

)
=

(
X̃, Ẽ

)
and

(
F1, Ẽ

)
∩(

F2, Ẽ
)

=
(
Φ, Ẽ

)
. Since

(
G1, Ẽ

)
=

(
F1, Ẽ

)c
and

(
G2, Ẽ

)
=

(
F2, Ẽ

)c
are bipolar

soft supra closed sets, G1 (e) ∪G2 (e) = F c
1 (e)∪ F c

2 (e) = F1 (¬e) ∪ F2 (¬e) for each
e ∈ E. Also from the condition

(
F1, Ẽ

)
∩

(
F2, Ẽ

)
=

(
Φ, Ẽ

)
,

F1 (e) ∩ F2 (e) = ∅,

F1 (¬e) ∪ F2 (¬e) = X = G1 (e) ∪G2 (e)

for each e ∈ E. Thus

G1 (¬e) ∩G2 (¬e) = F c
1 (¬e) ∩ F c

2 (¬e) = F1 (e) ∩ F2 (e) = ∅,
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i.e.
(
G1, Ẽ

)
∪

(
G2, Ẽ

)
=

(
X̃, Ẽ

)
is obtained. Also,

G1 (e) ∩G2 (e) = F c
1 (e) ∩ F c

2 (e) = F1 (¬e) ∩ F2 (¬e) .

Since
(
F1, Ẽ

)
∪

(
F2, Ẽ

)
=

(
X̃, Ẽ

)
,

F1 (e) ∪ F2 (e) = X, F1 (¬e) ∩ F2 (¬e) = ∅

is satisfied for each e ∈ E, i.e. G1 (e) ∩G2 (e) = ∅. Also since

G1 (¬e) ∪G2 (¬e) = F c
1 (¬e) ∪ F c

2 (¬e) = F1 (e) ∪ F2 (e) = X,(
G1, Ẽ

)
∩

(
G2, Ẽ

)
=

(
Φ, Ẽ

)
is obtained.

Conversely let
(
G1, Ẽ

)
,
(
G2, Ẽ

)
be two bipolar soft supra closed sets such that(

G1, Ẽ
)
∪

(
G2, Ẽ

)
=

(
X̃, Ẽ

)
and

(
G1, Ẽ

)
∩

(
G2, Ẽ

)
=

(
Φ, Ẽ

)
. Then

(
F1, Ẽ

)
=(

G1, Ẽ
)c

,
(
F2, Ẽ

)
=

(
G2, Ẽ

)c
are bipolar soft supra open sets and

(
F1, Ẽ

)
∪(

F2, Ẽ
)

=
(
X̃, Ẽ

)
and

(
F1, Ẽ

)
∩

(
F2, Ẽ

)
=

(
Φ, Ẽ

)
are immediately obtained. ¤

Proposition 3.45. If
(
X, τ̃ , Ẽ

)
is a disconnected space, then the topological space

(X, (τ0)e) is disconnected, but the topological space (X, (τc)e) is not disconnected for
each e ∈ Ẽ.

Example 3.46. We consider Example 3.6. Then (X, (τ0)e) is disconnected, but
(X, (τc)e) is not disconnected.

Proposition 3.47. If
(
X, τ̃ , Ẽ

)
is strongly disconnected, then the topological space

(X, (τ0)e) , (X, (τc)e) are disconnected spaces.

Proof. It is clear. ¤

Theorem 3.48. Let
(
X, τ̃ , Ẽ

)
be disconnected space and

(
F1, Ẽ

)
,
(
F2, Ẽ

)
are bipo-

lar soft supra open sets which satisfying disconnected condition. If
(
Y, τ̃Y , Ẽ

)
is a

bipolar soft supra connected, then Y ⊂ F1 (e) or Y ⊂ F2 (e) for each e ∈ E.

Proof. Let
(
F1, Ẽ

)
,
(
F2, Ẽ

)
be two bipolar soft supra open sets such that

F1 (e) ∪ F2 (e) = X, F1 (e) ∩ F2 (e) = ∅, F1 (e) 6= ∅, F2 (e) 6= ∅
for each e ∈ E. Then

(
F1, Ẽ

)
∩ Ỹ and

(
F2, Ẽ

)
∩ Ỹ are bipolar soft supra open sets

on
(
Y, τ̃Y , Ẽ

)
. For each e ∈ E,

Y ∩ [F1 (e) ∪ F2 (e)] = [Y ∩ F1 (e)] ∪ [Y ∩ F2 (e)] ...(1)

Y ∩ [F1 (e) ∩ F2 (e)] = [Y ∩ F1 (e)] ∩ [Y ∩ F2 (e)] ...(2)
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are obtained. Since
(
Y, τ̃Y , Ẽ

)
is a bipolar soft supra connected, Y ∩ F1 (e) = ∅ or

Y ∩ F2 (e) = ∅ for each e ∈ E.

If Y ∩ F1 (e) = ∅ for each e ∈ E, then from (1) Y ∩ F2 (e) = Y. Thus Y ⊂ F2 (e)
is obtained.

If Y ∩ F2 (e) = ∅ for each e ∈ E, then from (2) Y ∩ F1 (e) = Y. Thus Y ⊂ F1 (e)
is obtained. ¤

4. Conclusion

We have introduced bipolar soft supra topological space and defined the concepts
of bipolar soft supra closure and bipolar soft supra interior. We have also established
a connection between bipolar soft supra topology and bipolar soft topology. In
addition, we have presented the concepts of bipolar soft supra continuous mapping
with the assistance of bipolar soft supra closure and bipolar soft supra interior
notions. We have focused on the concept of bipolar soft supra-compact topological
spaces and demonstrated that the bipolar soft supra-compact space’s image remains
intact under bipolar soft supra-continuous mapping. In the end, we have defined the
concepts of disconnected (connected) and strongly disconnected (strongly connected)
spaces and establish several interconnections between them by using examples to
clarify the relationships among these concepts.
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