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COMPARATIVE GROWTH PROPERTIES OF ENTIRE AND
MEROMORPHIC FUNCTIONS CONCERNING RELATIVE
(Oé,ﬁ,"}’)-ORDER

CHINMAY BISWAS?* AND BABLU CHANDRA DasP

ABSTRACT. Belaidi et al. [3] have introduced the idea («, 8, v)-order and («, 8, 7)-
lower order of meromorphic function, where o € Lq-class, 8 € Lo-class, v € Ls-class.
In order to make some progresses in the study of growth analysis of meromorphic
functions, here in this paper, we have discussed on the relative (o, 8, )-order and
relative («, 8, v)-lower order of a meromorphic function with respect to an entire
function. Then we have investigated some basic properties of meromorphic functions
using these definitions under somewhat different conditions.

1. INTRODUCTION

The standard notations of the Nevanlinna value distribution theory of entire and
meromorphic functions are available in [5, 7, 8, 9, 10], so we do not explain those in
details. For z € [0,00) and k € N where N be the set of all positive integers, define
iterations of the exponential and logarithmic functions as explfl 2 = exp (exp[kfl} x)
and log[k] x = log <log[k_1] :1:) , with convention that log[o] T =, log[_” T = expr,
expl¥ 2z = z and expl~Y 2z = logz. For meromorphic function f, the Nevanlinna’s

characteristic function T%(r) is defined as
Ty(r) = Ny(r) +my(r),

where my(r) and N¢(r) are respectively called as the proximity function of f and the
counting function of poles of f in |z| < r. For details about T(r), m¢(r) and N¢(r),

one may see [5, p.4]. If f is an entire function, then the Nevanlinna’s characteristic
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function T(r) is defined as
2m
1 + if
Tp(r) =my(r) = o log™ | f(re™)|df, where
0
0
log™ = max(log z,0) for all z > 0.

Moreover, if f is non-constant entire function, then 7' (r) is also strictly increasing
and continuous function of r. Therefore its inverse T’ L2 (T4(0), 00) — (0, 00) exists
and is such that lim Tf 1(.s:) = oo. To start our paper, we just recall the following

§—00

definition:

Definition 1.1. The order py and the lower order Ay of a meromorphic function f

are defined as:

log T logT
ps = lim supiog (r. ) and Ay = lim infiog (r f).
D log T M Togr

Now first of all, let L be a class of continuous non-negative functions a defined
on (—oo,+00) such that a(x) = a(xg) > 0 for x < x with a(z) 1 +oo as zg <
xr — 4o0o. We say that a € Ly, if @« € L and a(a +b) < a(a) + a(b) + ¢ for
all a,b > Ry and fixed ¢ € (0,400). Further we say that a € Lo, if « € L
and a(x + O(1)) = (1 + o(1))a(x) as * — +oo. Finally, a € Ls, if @« € L and
ala+b) < ala)+ ab) for all a,b > Ry, i.e., o is subadditive. Clearly L3 C Lj.

Particularly, when o € L3, then one can easily verify that a(mr) < ma(r), m > 2
is an integer. Up to a normalization, subadditivity is implied by concavity. Indeed,
if a(r) is concave on [0, +00) and satisfies «(0) > 0, then for ¢ € [0, 1],

altr) = altzr+(1-1t)-0)
> ta(z)+ (1 —1t)a(0) > ta(x),

so that by choosing t = %5 or ¢ = aier, we obtain
ala+b) = aiba(a—kb)—i— a+ba(a+b)

< a(aib(aer)) +a<af_b(a+b)>

= afa)+ a(d), a,b>0.
As a non-decreasing, subadditive and unbounded function, a(r) satisfies

a(r) < a(r+ Ry) < a(r) + a(Rp)
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for any Rg > 0. This yields that a(r) ~ a(r + Ry) as r — +oo. Throughout this
paper, we assume « € Ly, f € Lo, 7 € Ls.

Heittokangas et al. [6] have introduced the concept of g-order of entire and
meromorphic functions considering ¢ as subadditive function. For details one may
see [6]. Later on Belaidi et al. [3] have extended the above idea and have introduced
the definitions of («, 3, )-order and (o, 3, y)-lower order of a meromorphic function

f, which are as follows:

Definition 1.2 ([3]). The (a, 3,~)-order denoted by p(, g)[f] and (a, 3,7)-lower

order denoted by A, 3,)[f], of a meromorphic function f, are defined as:

— s, 2 008(T5 (1))
Paplf] = S gty ()
and )‘(oa,,B,'y)[f] = hmmfw

r=+oo 3 (log(y(r)))

Mainly, the growth investigation of meromorphic function has usually been done
through the Nevanlinna’s characteristic function comparing with the exponential
function. But if one is paying attention to evaluate the growth rates of any mero-
morphic function with respect to a entire function, the notions of relative growth
indicators (see e.g. [1, 2]) will come. Now in order to make some progresses in
the study of relative order of meromorphic function, Biswas et al. [4] have intro-
duced the definitions of relative («, 3, y)-order and relative («, 3, y)-lower order of

a meromorphic function with respect to an entire function in the following way:

Definition 1.3 ([4]). The relative («, 3, v)-order denoted by p(q,g.,)[f]n and relative
(o, B,7y)-lower order denoted by A(4 3.4)[f]n of a meromorphic function f with respect
to an entire function h are defined as:

' a(log? T, (T4 (1))
P(a,ﬂ,'y)[f]h = limsup B (log(7(r)))
(

r—-+o0o

log? T, 1 (T (r
and Aap)[fln = liminf o g(log( (()J;) )

Remark 1.4. Clearly if h(z) = z, then Definition 1.3 reduces to Definition 1.2.
If we take a(r) = B(r) = v(r) = r and h(z) = z, then Definition 1.3 reduces to
Definition 1.1.

Remark 1.5. An entire function f is said to have regular relative (o, 3,7)-order

with respect to an entire function h if p(o 5.1\ [f]n = A(a,8,7)[f]n-
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Here, in this paper, we aim at investigating some basic properties of relative
(a, B,7y)-order and relative («, 3, 7)-lower order of meromorphic functions with re-
spect to entire functions under somewhat different conditions. Throughout this

paper, we assume that all the growth indicators are nonzero finite.

2. MAIN RESULTS

In this section, we present the main results of the paper.

Theorem 2.1. Let f and g be two meromorphic functions and h be a non-constant
entire function such that at least f or g is of regular relative (o, 8,7)-order with

respect to h, then

Na,gy) lf £ gln < max{A g4 [flns Aa,sy)9ln}-

The equality holds when either (i) Xa,g)[fln > ANa,gq)09ln with g has regular rel-
ative (a, 8,7)-order with respect to h or (ii) Ao gl9ln > Nagqyfln with f has

reqular relative («, 3,7y)-order with respect to h.

Proof. It A 8, [f = g]p = 0, then the result is obvious. So we suppose that
Nagy)lf £9ln > 0. Clearly, both A\, g~ [f]n and A4 g)[g]n are finite. Let us
assume that max{A ) [flh; Aa,8,7)[9]n} = A and f has regular relative («a, 8,7)-
order with respect to h, then for any arbitrary € > 0 from the definition of A, g -) [f]n
(= P(a,8,y)[f]n), we have for all sufficiently large values of r that

1) 1) < T (e @ [\ In +€) - B Qog(())]) -
Again for € > 0 from the definition of A, 3.4) [9]n, we have for a sequence values of

r tending to infinity that

22)  T,0) < T (expP (o (Mgl +2) - B Qs
Since Tpiq(r) < Ty(r) + Ty(r) + log 2 for all large values of 7, so in view of

(2.1) and (2.2), we obtain for a sequence values of r tending to infinity that

Tfﬂ:g(r) < Ty (eXp[Q](Oéfl[()\(a,ﬁ,—y) [f]h + 5) . /3 (log(’y(r)))]))
+T5, (exp[ﬂ(a—l[()\(aﬁﬁ) gln +¢)- 8 (log(v(r)))])) +log2.

ie., Trig(r) < 2T, (expm(ofl[(A +e)- 5 (log(’y(r)))])) +log2,

(2.3) ie., Tyig(r) < 3T) (exp[z] (@Y (A+e)- B (log(’y(r)))])) .
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So, in view of (2.3), we obtain for a sequence values of r tending to infinity that

Tysy(r) < Ty (exp? (o~ (A +2) - B (og(r(r)))
b Ty Ty (r) < (expP (0 [(A +) - 3 (log(r ()
)

ie., ogTy 'Trig(r) < 3exp(a '[(A+e)- B (log(v(r))]),
ie., 1ogPI T Tpay(r) < log3+ (o [(A+¢) - B (log(v(r))))),

ie., 1og? Ty ' Tyag(r) —log3 < a7 '[(A+¢)- B (log(y(r))],
ie., (1—o(1))a (logm T,;leig(r)> < (A+e)- B (log(y(r))-
Thus for a sequence values of r tending to infinity, we get that
(1—o(1))a (1og[21 Th_leig(r)>

B (log(() sAte

Hence,

(1—o(1))a (1og[21 Th_leig(r))
lim inf
r—+oo B (log(7(r)))
i.€., )‘(Oc,,B,'y) [f + g]h <A+e.

<A+e,

As ¢ > 0 is arbitrary,
Maplf £ 9ln < A
Hence,
Ao £ glh < max{A(a,6.)[f1r: Aa,8,4) 9]}
This completes the proof of first part of the theorem.
Next let Ao, 8,4)[f]n > Aa,8,)[9]n With g has regular relative («, 3, v)-order with
respect to h. Taking f + g = k, then we get from first part,

(2.4) A Eln < Aa,g L ]n-
Also, we have f = k F ¢g. So again, by using first part,

)‘(a,ﬂ,'y) [f]h < maX{)‘(a,,Bﬁ) [k}ha A(a,ﬂ,v) [g]h}a
(2.5) i€, Moo lfln Aa) K-
From (2.4) and (2.5), we have )\(aﬁﬁ) [k:]h = A(a,ﬂ,’y) [f]h,

IN

i-e.; N lf £ 9ln = max{A(a,p.4) [ Aap) 910
This completes the proof. ]
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In line of Theorem 2.1 one can easily prove the following theorem, so we omit its

proof.

Theorem 2.2. Let f and g be two meromorphic functions and h be a non-constant

entire function such that pi g~ [fln and pag)lgln exist, then
P(a,B,7) [f + g]h < max{p(a,ﬂ,’y) [f]ha Pla,B,7) [g]h}'
The equality holds when p(q g ~) [fln # PlouB,7) (9]

Theorem 2.3. Let f be a meromorphic function and g, h be two non-constant entire

functions such that N\ g)[flg and A5 [f]n exist, then

ANag [flgrn = min{Aq 5.)[flg, Ay [fln}--
The equality holds when \(q.g.)[flg # Na,8) [fn-
Proof. If Ao 3.4)[f]gn = 0o then the result is obvious. So we suppose that A, g4 [flgn
< 00. Clearly, both A, 5.)[f]g and A4 g)[f]n are finite. Let us assume that

min{A (a8, [flg> Aa,8,)[f]n} = A, then for any arbitrary ¢ > 0 from the definitions
of Aa,8,)[flg and A(a g~ [f]n, we have for all sufficiently large values of 7 that

Ty(r) > Ty (exp (@~ [(Napmlfly — ) 8 log(r(r)]) .
(26) e, Tr(r) = T, (expP(a (A=) B (log(r(m)])) -
and

Ty(r) = T (expP (@ [(\wp [l — ) - B (og(r(r))]))

@7) e, Tyr) = T (exo®(a'[(A ) B (log(y(r))]))
Since Ty1g(r) < T¢(r) + Ty(r) +log2, so in view of (2.6) and (2.7), we obtain for

all sufficiently large values of r that

Tyen(exp (@ [(A — &) - B (log(+(r))])
< Ty (expP (071 ~ €) - 5 loa(r (7))
T, (exp (a7 (A — €) - B (log(1(r)]) ) + log2,

v

(2.8) i.e., Tyen(expl (a ' [(A = ¢) - B (log(v(r)))]) < 3Ty (r).

Therefore, from (2.8) we obtain for all sufficiently large values of r that

Tyen(exp® (@™ [(A = ¢) - B (log((r)])) < Ty (r*)
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o (log[ }Tg:thTf( ))
B(log(y(r))) ~

ie, A—e<

Hence,

o (10g? T T1(%) 5 (log(+(r)))

i os( ()) Blos(r () | =8
- infOé (10g[2] Tg_j:lhTf(Tg)) . 6 (10g(’)/(7'3))) AL 5

b B(log(y(r®)rotee B(log(y(r) ©
i.e., A(aﬁ,'y) [f]g:l:h >A—c.
As ¢ > 0 is arbitrary,
Magm [ flgxn = A.
Hence,
/\(aﬂ,'y) [f]gih > min{)\(a,ﬂ,'y) [f]gv )‘(047,3,7) [f]h}
This completes the proof of first part of the theorem.
Next let A(a,8)[flg # Ma,8,4)[f]n, and without loss of generality, we assume that
Na,gy)flg > MNa gy f]n- Taking g+ h =k, then we get from first part,

(2.9) a8y 1k = ANag) [ f]n-
Also, we have h = k F g. So,

Y

A(a,,@,'y) [f]h mln{)\ (a,B,7) [f]ka )\(a,B;y) [f]g}v
(2.10) ie, Maglfle < Aasylfle:
From (2.9) and (2.10), we have Aa,B8,7) flk = Aa,B,7) [f]n

IA

i'e'a )‘(a,ﬁ,"/) [f]g:l:h = min{)‘(a,ﬂ,'y) [f]g) )‘(a,ﬁﬁ) [f]h}
This completes the proof. O

In line of Theorem 2.3 one can easily prove the following theorem, so we omit its

proof.

Theorem 2.4. Let f be a meromorphic function and g, h be two non-constant entire

functions such that f has reqular relative (o, B,7)-order with respect to g or h, then
Plap)flgn = min{pap)flgs PlasyLfln}-

The equality holds when either (i) p(a..~)[flg > P(a,8,)[f]n with f has regular relative

(o, B,7)-order with respect to g or (i) pa,s)[flh > Papy)flg with f has regular
relative (o, 3, )-order with respect to h.
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Theorem 2.5. Let fi, fo be two meromorphic functions and g1, go be two entire

functions such that the following conditions are satisfied:

(1) 0(a,8.7) [f1lgs < 0(a,p,)f1]g; with at least f1 is of regular relative (v, B, 7)-order
with respect to g; fori =1,2,5 =1,2 andi # j; and

(11) 0(a,8,y)[f2lg; < 0(a,B,y)[f2]g; with at least fo is of regular relative (c, B,)-order
with respect to g; fori =1,2, 5 = 1,2 and i # j. Then
(a8 f1 E f2lgrg0
< max[min{g(a,ﬁ,v) [f1]917 O(a,B,7) [fl]gz}v min{Q(a,B,'y) [f2]917 O(a,8,7) [f2]92}] .
The equality holds when o(q.g.)[filgy < 0(a,8,)[filgr and 0(a. ) [filgs < 0(a,8,4)[filg2
holds simultaneously for i =1,2; j =1,2 and i # j.

Proof. Suppose that the conditions (i) and (i7) of the theorem holds. Therefore in
view of Theorem 2.2 and Theorem 2.4 we get that

max[min{o(a,g,9) [f1lg1, 00,8, [f1]g: }, min{o(a,5.9) [f2l g1 0(a,8,9)[f2]g2 }]

= maX[Q(a,B,'y) [fl]gligw O(a,B,7) [f2]91i92]

(2.11) 2 0(a,By) [f1 = folgitgs-

AS 0(a,8,7) [filgn < O(a,8,7) [filg: and O(a,B,y) [filge < O(a,8.7) [filg, hold simul-
taneously for ¢ = 1,2; j = 1,2 and ¢ # j, we obtain that

either min{Q(a,B,'y) [fl]gla O(e,8,7) [fl]g2} > min{g(a,ﬂ,’y) [f2]g1v O(a,8,7) [f2]g2} or

min{g(avﬁﬁ) [f2]91 ) Q(@,,B,’Y) [f2]92} > min{@(a,ﬁ,’y) [fl]gl ) Q(a,ﬁ,’y) [fl}gg} holds.
Therefore in view of the conditions (i) and (i7) of the theorem, it follows

from above that

either O(a,B,7) [fl]g1ig2 > 0(a,B,7) [f2]g1igz Or O(a,B,7) [f2]91ig2 > 0(a,8,y) [f1]91i92

which is the condition for holding equality in (2.11).

Hence the theorem follows. O

In line of Theorem 2.5 one can easily prove the following theorem with the help

of Theorem 2.1 and Theorem 2.3, so we omit its proof.

Theorem 2.6. Let fi, fo be two meromorphic functions and g1, go be two entire
functions such that the following conditions are satisfied:

(1) Mo, filgr > MNa,gy) [ filgs with at least f; is of regular relative (o, B, ~y)-order
with respect to g1 fori =1,2,j = 1,2 and i # j; and
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(41) Na,8y)filga > Na,gy)[filge with at least f; is of regular relative (a, B,~)-order
with respect to go fori=1,2,j=1,2 and i # j.

Mg 1 £ folgi2gs
2 min[max{A,p.)[filg Mapylfelo b max{Aa,s.7) [ filges Aas.) [ F2lge -

The sign of equality holds when Ao 5)[f1lg; < Na,gylfilg, and Ao pqlfelg <
Na,By) [ f2lg; hold simultaneously fori=1,2; j =1,2 and i # j.

Theorem 2.7. Let f1, fo be two meromorphic functions and g1 be an entire function

such that at least f1 or fo is of reqular relative («, 5, )-order with respect to g1, then

)‘(067/377) [fl ) f2]91 < maX{)‘(a,B,v) [fl]gw)‘(a,ﬁ,v) [f2]gl}'
The equality holds when Ty,.4,(r) > Ty (r) and Ty,.1, (1) > T, (7).

Proof. Suppose that A\, g,)[f1- f2lg; > 0. Otherwise if A\, g.)[f1- f2]g; = O then the
result is obvious. Let us consider that fy is of regular relative (a, 3, )-order with
respect to gi. Also let that max{\( g [f1lg> A@,sy)[f2lsn} = A. We can clearly
assume that A, g4)[frlg, is finite for k¥ = 1,2. Now for any arbitrary ¢ > 0, it
follows from the definition of A\, 5.)[f1]g, for a sequence values of r tending to
infinity that

Ty, (r) < Ty, (ex0? (@7 (Mo g il + )8 (08(1()))) ) -

(2.12) ivee, Ty (r) < Ty, (exp (@7 (A +2)8 (log(1(r))) )

Also for any arbitrary € > 0, we obtain from the definition of (4 g)[f2]g,
(= P(a,p,)|f2]g), for all sufficiently large values of r that

sz (7’) < Tgl (eXp[z} (ail (()‘(a,ﬁ,'y) [f2]91 + 5)6 (log(’y(r)))))> ,

(2.13) e, Ty, (r) < Ty, (exp (@7 (A +2)8 (log(1(r))) )

Since T,.f,(r) < T4, (1) + T4, (r) + O(1) for all large values of 7, so in view
of (2.12) and (2.13), we obtain for a sequence of values of r tending to infinity that

Trop(r) < 2Ty (exp? (a7 (A +2)8 (log(r(r)) )| + 01),

e Trop() < 3 [T, (exp? (a7 (A +2)8 (og(3())) )] -

IN
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ie., Tr.p(r) < [Tgl (exp[Q] (a—l ((A+¢)s (log(v(r))))))g} ,

(e (a7 (A& + )3 (log(1(7))))
i.e., log nglel.fQ (r) 3exp (o (A +2)B (log(v(r))))) ,
ice., log® T, 1Ty, ,(r) < log3+a " ((A+¢)B(log(y(r)))),

i.e., Tg_llelAf2 (r)

IN

IN

i.e., log? nglel.fz(r) —log3 < a ' ((A+e)B3(log(y(r))),
(2.14) e, (1—o0(1)1og® T, ' Ty, , (r) a” ((A+e)8 (log(v(r)))) -

Since e € Lo, we have from (2.14), for a sequence of values of r tending to infinity
that

IN

ie., (1—o(1))a <log[2] nglel-fz(r)) < (A+e)B(log(y(r)),

(1= o(1)ar (g T, Ty, 1, (1))
5 (log(+(r)

IN

(A+e).

i.€.,

Hence,
(1 B 0(1))05 (]og[z] Tg_11Tf1~f2 (7"))
lim inf
e B (log(~(r)))
Nagmlfi- folg < A+e.

<A+te,

As ¢ > 0 is arbitrary,
Naplfi - folg <A

Similarly, if we consider that fi is of regular relative («, 3,~)-order with respect
to g1 or both f; and fo are of regular relative («a, 3, 7y)-order with respect to gi, then

also one can easily verify that

)\(anB;’Y) [fl : f2]91 < A

Hence,

(2'15) )‘(oa,,Bn/) [fl : f2]91 < maX{)‘(a,B,v) [fl]gw)\(a,ﬁ,v) [fQ]gl}'

This completes the first part of the theorem.
If T4,.5,(r) > Ty, (r) for all sufficiently large values of 7, then

T, (Thepn(r) > T (T (1),
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as T !(r) is an increasing function of r. Hence for all sufficiently large values of r,

g1
allos? T, (T, 1, (1)) allog® T, (T, (1))
B (log(~(r))) B(log(v(r)
i.€e., )\(aﬁﬂ)[fl'fﬂgl > )‘((X,,B,’Y)[fl]gl

Similarly, A(a,g,4)[f1 * f2lgr = Aa,8,7)[f2]gr - Which implies that

(2'16) /\(oa,ﬁ,'y) [fl ’ f2]91 > maX{)‘(a,ﬁ;y) [fl]g17>\(a,6,7) [fQ]gl}'
In view of (2.15) and (2.16), we have

)‘(aﬁ,v) [f1- f2]g1 = maX{)‘(aﬁ,v) [fl]gl’ A(a,ﬂﬁ) [fQ]gl}'
This completes the proof. O

Now we state the following theorem which can easily be carried out in the line of

Theorem 2.7 and therefore its proof is omitted.
Theorem 2.8. Let f1, fo be two meromorphic functions and g1 be an entire function
such that 0(a.g.~)[f1lg1» 0(a,8,)[f2lg1 exist, then

O(a,B,7) [f1- f2]91 < max{@(a,ﬁrv) [fl]gu O(a,B,7) [f2]91}-
The equality holds when Ty,.4,(r) > Ty, (r), Tfy.f,(r) > Ty (7).
Theorem 2.9. Let fi be a meromorphic function and g1, g2 be two entire functions
such that Aa,5.1)[f1lg1> Ma,gy)[f1lge exist, then

)‘(0475,’7) [f1]91'92 > min{)‘(a,ﬂ,v) [fl]gp )‘(a,ﬁ,’y) [f]-]gQ}'
The equality holds when Tg,.q,(1) > Tg, (1), Tygy.go (1) > Ty, (7).
Proof. Suppose that A, 3.)[f1]g1g» < 00. Otherwise if Ao g)[f1]g1.g» = 00, then
the result is obvious. Also let min{\ (4 g)[f1lg1> A(a,8,7)[f1]g2} = A. We can clearly

assume that A g+ [filg, is finite for k = 1,2. Now for any arbitrary € > 0, with

g€ < A, we obtain for all sufficiently large values of r that

Ty (expP (™ [(\a 5. [f1lg — )8 (log(v(r))])) < T (r),

ie., Ty (exp (a7 [(A =€) (log(v(r)])) < T, (r),

_ _ a(logm r)
(e (527))]

(2.17) ie., Ty (r) < Ty,
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Since Ty,.g,(r) < Tg,(r) + Tyo(r) + O(1) for all large values of r, so in view of
(2.17) we have for all sufficiently large values of r that

a(log® r
(e (152))

a(logh? r ]
[ (o (5552)))

a(log? 1)\’
(o (52) ]

i Tyg(exp (a71(A = 2)8 (log(r(r)))])) < T (),

(2.18) ire. (exp (a7[(A = )8 (10g(1(r9)])) £ Tyl Ty ().
Therefore in view of (2.18), it follows from above for all sufficiently large values

of r that

Tyy.g,(r) < 2T, +0(1),

IN

i, TQl‘QQ(T) 3T,

IN

i€, Tg.g5(T)

=

ol

a(log? T, L, (T, (1))
8 (log(y(r)))

> A —¢.

Hence,

>A—¢g,

i sup | 2098 Tovae (L0 (1) 5 (log(+(1)))
e | BlosEN) g (log((rh))

alog? T, Y, (T, (1)) B (log(v(r)))

lim sup - lim >A—¢,
rotoo B (log(y(r))) r=too g (log( (ﬁ)))
i.e. /\(avﬁw) [f1]g1~92 >A—e.
Since € > 0 is arbitrary, therefore from above we get that
(2.19) A(ayﬁ,v) [filgigo > A= min{)‘(aﬁﬂ) [fl]gl’)‘ (a,8,7) [f1]g. }-

Now, if Ty,.g,(r) > Ty, (r) for all sufficiently large values of r, then Ty ' (r) <
Tg_ll(r). Hence
alog Ty g, (T, () _ a(log Ty, (T (1))
B (log(v(r))) B (log(v(r)))
S0 Ao, [f1lgrg2 < Aa,gy lfilgr - IE Tyyg, (1) > T, (r), similarly we get

A(a,ﬁ,'y) [f1]91.92 < A(a,ﬁ,'y) [fl]QQ. Which implies that

(2'20) )‘(a,ﬁ,'y) [fl]g1~g2 < min{/\(a,/j,'y) [fl]g17 )\(a,B;y) [f1]92}'
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In view of (2.19) and (2.20), we have

Aasf1 - folgr = min{Aa,5.4)[f1lg1s A,5.) [ f2lgr -

Hence the theorem follows. OJ

Theorem 2.10. Let fi be a meromorphic function and g1, go be two entire functions
such that fi is of regular relative (o, B,7)-order with respect to at least any one of

g1 or g2, then

O(a,8,7) [f1lgrg0 > min{@(a,ﬁﬁ) [f1lgrs 9(a,,7) [filg}-
The equality holds when Ty, .q,(1) > Tg, (1), Tgy.go(1) > Ty (7).

We omit the proof of Theorem 2.10 as it can easily be carried out in the line of
Theorem 2.9.
Now we state the following two theorems without their proofs as those can easily

be carried out in the line of Theorem 2.5 and Theorem 2.6 respectively.

Theorem 2.11. Let fi, fo be two meromorphic functions and g1, g be two entire
functions such that

(i) f1 is of regular relative (o, B,7)-order with respect to at least any one of g1
or ga,

(ii) fo is of regular relative (v, B,7)-order with respect to at least any one of g1
or go, and

(iii) Tgy.g5(r) > T, (r), Tgy.g,(r) > Ty (r), then

0By 1+ f2lgr-gs

< max[min{g(a,ﬁ,v) [f1]917 O(a,B8,7) [f1]92}7 min{@(a,ﬂ,’y) [f2]917 O(a,8,7) [f2]92}] .
The equality holds when Ty,.4,(r) > Ty, (r), Tfy.f,(r) > Ty (7).

Theorem 2.12. Let f1, fo be two meromorphic functions and g1, g be two entire
functions such that

(i) At least f1 or fa is of reqular relative («, 5,7y)-order with respect to g1,

(ii) At least f1 or fo is of regular relative («, 3,7)-order with respect to ga, and

(ii1) Tp,.p, (1) > T (r), Ty, (r) > Ty (1), then
Naplft - folgigs
> min[max{A (a5 [f1]g1s Aa8,9) [f2lgr 1> max{ A 5.4) [f1] g2 Ma,gr) [f2)go }]
The equality holds when Ty, .q,(1) > Tg, (1), Tgy.go (1) > Ty (7).
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